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Chapter 1

LINEAR EQUATIONS

1.1 Introduction to linear equations

A linear equation in n unknowns x1, o, -+, T, is an equation of the form
a1z1 + agxo + - - + apxy, = b,

where ay, ag,...,ay,, b are given real numbers.

For example, with = and y instead of z; and xzo, the linear equation
2z + 3y = 6 describes the line passing through the points (3, 0) and (0, 2).

Similarly, with z, ¥ and z instead of x;, xo and x3, the linear equa-
tion 2x + 3y + 4z = 12 describes the plane passing through the points
(6, 0, 0), (0, 4, 0), (0, 0, 3).

A system of m linear equations in n unknowns 1, xs2,- - -, &, is a family
of linear equations

a11x1 + 1222 + - + a1pxn, = by
a1 + agrs + -+ + agpx, = by
Am1T1 + Qm2ZT2 + - - + QmynTp, = bm

We wish to determine if such a system has a solution, that is to find
out if there exist numbers x1, xs, - -, x, which satisfy each of the equations
simultaneously. We say that the system is consistent if it has a solution.
Otherwise the system is called inconsistent.

1
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Note that the above system can be written concisely as
n
Zaijxj:bi, i:1,2,---,m.
j=1

The matrix

ail ai2 e A1n
aai a2 crr Q2n
Gml Gm2 - Qmn

is called the coefficient matriz of the system, while the matrix

a1 a2 -+ aip b1
as1 a2 -+ G2, bo
aAml Am2 *°° amn bm

is called the augmented matriz of the system.

Geometrically, solving a system of linear equations in two (or three)
unknowns is equivalent to determining whether or not a family of lines (or
planes) has a common point of intersection.

EXAMPLE 1.1.1 Solve the equation
2z + 3y = 6.

Solution. The equation 2x + 3y = 6 is equivalent to 2o = 6 — 3y or
=3 - %y, where y is arbitrary. So there are infinitely many solutions.

EXAMPLE 1.1.2 Solve the system

r+y+z =
r—y+z = 0.

Solution. We subtract the second equation from the first, to get 2y = 1
and y = % Thenz =y —z = % — z, where z is arbitrary. Again there are
infinitely many solutions.

EXAMPLE 1.1.3 Find a polynomial of the form y = ag+aiz+asz?+aza>
which passes through the points (-3, —2), (-1, 2), (1, 5), (2, 1).
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Solution. When z has the values —3, —1, 1, 2, then y takes corresponding
values —2, 2, 5, 1 and we get four equations in the unknowns ag, a1, as, as:

ag — 3a1 + 9as — 27a3 = —2
ap—ai+azx—az =
ag+a;+ag+az3 =

ap + 2aq +4az +8az = 1,

with unique solution ag = 93/20, a1 = 221/120, a2 = —23/20, a3 = —41/120.
So the required polynomial is

93 221 23 , 41 4

Y= 20T 120" 207 T 1207

In [26, pages 33-35] there are examples of systems of linear equations
which arise from simple electrical networks using Kirchhoff’s laws for elec-
trical circuits.

Solving a system consisting of a single linear equation is easy. However if
we are dealing with two or more equations, it is desirable to have a systematic
method of determining if the system is consistent and to find all solutions.

Instead of restricting ourselves to linear equations with rational or real
coefficients, our theory goes over to the more general case where the coef-
ficients belong to an arbitrary field. A field F' is a set F' which possesses
operations of addition and multiplication which satisfy the familiar rules of
rational arithmetic. There are ten basic properties that a field must have:

THE FIELD AXIOMS.
1. (a+b)+c=a+(b+c) forall a, b, ¢ in F;
(ab)c = a(bc) for all a, b, ¢ in F}
a+b=0b+a foralla,bin F;
ab = ba for all a, b in F}
there exists an element 0 in F such that 0 + a = a for all a in F;

there exists an element 1 in F' such that 1la = a for all a in F;

R A A

to every a in F, there corresponds an additive inverse —a in F', satis-
fying
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8. to every non—zero a in F', there corresponds a multiplicative inverse
a~!in F, satisfying

9. a(b+¢) = ab+ ac for all a, b, ¢ in F}

10. 0 # 1.

With standard definitions such as a — b = a + (—b) and % = ab~! for

b # 0, we have the following familiar rules:

—(a+b) = (—a)+(=b), (ab)'=a"1071;
_(_a) = a a_l)_l = a;
a b
—(a—b) = b-— )t =25
(@—b) o (=
g_’_g _ad+be
b d bd '’
ac _ ac,
bd bd’
a _boa_ac
ac ¢ (g b
—(ab) = (—a)b=a(-b);
_<9> - e_ o
b) b =b
Oa = 0

Fields which have only finitely many elements are of great interest in
many parts of mathematics and its applications, for example to coding the-
ory. It is easy to construct fields containing exactly p elements, where p is
a prime number. First we must explain the idea of modular addition and
modular multiplication. If a is an integer, we define a (mod p) to be the
least remainder on dividing a by p: That is, if a = bp + r, where b and r are
integers and 0 < r < p, then a (mod p) = r.

For example, —1 (mod 2) =1, 3 (mod 3) =0, 5 (mod 3) = 2.

Then addition and multiplication mod p are defined by

a®b = (a+b)(modp)
a®b = (ab)(modp).
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For example, with p = 7, we have 3® 4 = 7(mod7) = 0 and 3 ® 5 =
15(mod 7) = 1. Here are the complete addition and multiplication tables
mod T7:

S

O U W RO
ol Ul x| w| || o|o
O| | UY x| W DN =] =
—| O] | ot x| W bo| b
|| O] ot | w|w
W | = O o Ot x|
| o) | O] o ut| o
x| w| | = oo o
SO U W~ OR
o|lo|o|lo|lo|lo|lo|lo
o U x| W | = O~
Ul W| —| o | | O o
| = ol o] oy w| o w
w| o | o = o]
N | | | w| ot O ot
=N w| | ol o o o

If we now let Z, = {0, 1,...,p—1}, then it can be proved that Z, forms
a field under the operations of modular addition and multiplication mod p.
For example, the additive inverse of 3 in Z7 is 4, so we write —3 = 4 when
calculating in Z7. Also the multiplicative inverse of 3 in Z7 is 5 , so we write
37! = 5 when calculating in Z.

In practice, we write a®b and a®b as a+b and ab or a x b when dealing
with linear equations over Z,,.

The simplest field is Zo, which consists of two elements 0, 1 with addition
satisfying 1+ 1 = 0. Soin Zy, —1 = 1 and the arithmetic involved in solving
equations over Zo is very simple.

EXAMPLE 1.1.4 Solve the following system over Zs:

r+y+z = 0

r+z =

Solution. We add the first equation to the second to get y = 1. Then z =
1 —z =1+ z, with z arbitrary. Hence the solutions are (z, y, z) = (1, 1, 0)
and (0, 1, 1).

We use Q and R to denote the fields of rational and real numbers, re-
spectively. Unless otherwise stated, the field used will be Q.

1.2 Solving linear equations

We show how to solve any system of linear equations over an arbitrary field,
using the GAUSS-JORDAN algorithm. We first need to define some terms.
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DEFINITION 1.2.1 (Row—echelon form) A matrix is in row—echelon
form if

(i) all zero rows (if any) are at the bottom of the matrix and

(ii) if two successive rows are non-zero, the second row starts with more
zeros than the first (moving from left to right).

For example, the matrix

01 00
0010
0 00O
0 00O
is in row—echelon form, whereas the matrix
01 00
01 00
00 0O
0 00O

is not in row—echelon form.

The zero matrix of any size is always in row—echelon form.

DEFINITION 1.2.2 (Reduced row—echelon form) A matrix is in re-
duced row—echelon form if

1. it is in row—echelon form,
2. the leading (leftmost non—zero) entry in each non—zero row is 1,

3. all other elements of the column in which the leading entry 1 occurs
are zeros.

For example the matrices

10
[01] and

are in reduced row—echelon form, whereas the matrices

o O O O
o O o=
S O O N
o O = O
o = O O
O = W N

1 00 1 2 0
010 and 010
0 0 2 0 00
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are not in reduced row—echelon form, but are in row—echelon form.
The zero matrix of any size is always in reduced row—echelon form.

Notation. If a matrix is in reduced row—echelon form, it is useful to denote
the column numbers in which the leading entries 1 occur, by c1, co, ..., ¢,
with the remaining column numbers being denoted by c¢,41, ..., ¢,, Where
r is the number of non—zero rows. For example, in the 4 x 6 matrix above,
we haver=3,¢c1=2,c0o=4,¢c3=5,c4 =1, c5 =3, cg = 6.

The following operations are the ones used on systems of linear equations

and do not change the solutions.

DEFINITION 1.2.3 (Elementary row operations) Three types of el-
ementary row operations can be performed on matrices:

1. Interchanging two rows:

R; < R; interchanges rows 4 and j.

2. Multiplying a row by a non-—zero scalar:

R; — tR; multiplies row ¢ by the non-zero scalar ¢.

3. Adding a multiple of one row to another row:

R; — R; +tR; adds t times row 7 to row j.

DEFINITION 1.2.4 (Row equivalence) Matrix A is row-equivalent to
matrix B if B is obtained from A by a sequence of elementary row operations.

EXAMPLE 1.2.1 Working from left to right,

1 20 1 20
A=1| 2 11 Ry — Ry + 2R3 4 -1 5
1 -1 2 1 -1 2
1 2 0 2 4 0

Ry < Rj 1 -1 2 Ry — 2Ry 1 -1 2 | =B8B.
4 -1 5 4 -1 5

Thus A is row—equivalent to B. Clearly B is also row—equivalent to A, by
performing the inverse row—operations R; — %Rl, Ry <« R3, Ro — Ro—2R3
on B.

It is not difficult to prove that if A and B are row—equivalent augmented
matrices of two systems of linear equations, then the two systems have the
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same solution sets — a solution of the one system is a solution of the other.
For example the systems whose augmented matrices are A and B in the
above example are respectively

x+2y = 0 2c+4y = 0
2r+y = 1 and r—y = 2
r—y = 2 dr—y = b

and these systems have precisely the same solutions.

1.3 The Gauss—Jordan algorithm

We now describe the GAUSS-JORDAN ALGORITHM. This is a process
which starts with a given matrix A and produces a matrix B in reduced row—
echelon form, which is row—equivalent to A. If A is the augmented matrix
of a system of linear equations, then B will be a much simpler matrix than
A from which the consistency or incomnsistency of the corresponding system

is immediately apparent and in fact the complete solution of the system can
be read off.

STEP 1.

Find the first non—zero column moving from left to right, (column ¢;)
and select a non—zero entry from this column. By interchanging rows, if
necessary, ensure that the first entry in this column is non—zero. Multiply
row 1 by the multiplicative inverse of a;., thereby converting a;., to 1. For
each non—zero element a;.,, @ > 1, (if any) in column ¢;, add —a;., times
row 1 to row i, thereby ensuring that all elements in column c¢q, apart from
the first, are zero.

STEP 2. If the matrix obtained at Step 1 has its 2nd, ..., mth rows all
zero, the matrix is in reduced row—echelon form. Otherwise suppose that
the first column which has a non—zero element in the rows below the first is
column cy. Then ¢; < ¢2. By interchanging rows below the first, if necessary,
ensure that ag., is non—zero. Then convert as., to 1 and by adding suitable
multiples of row 2 to the remaing rows, where necessary, ensure that all
remaining elements in column co are zero.

The process is repeated and will eventually stop after r steps, either
because we run out of rows, or because we run out of non-zero columns. In
general, the final matrix will be in reduced row—echelon form and will have
r non—zero rows, with leading entries 1 in columns cy, ..., ¢, respectively.

EXAMPLE 1.3.1
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00 40 2 2 -2 5
2 2 25| Ri«<Ry |00 40
55 -15 55 -15
(11 -1 2 11 -1 3
Ri—%R |00 4 0| Rs—R3—5R; |0 0 4 0
|55 -1 5 00 4 -
(11 -1 3 110 3
2 2
Ry—1im, |00 1 0 BB+ iy 001 0
15 R3—>R3—4R2 15
00 4 -2 000 =%
110 3 1100
Ry—72Ry |0 01 0| Ri—Ri—3Rs [0 0 1 0
0001 0001

The last matrix is in reduced row—echelon form.

REMARK 1.3.1 It is possible to show that a given matrix over an ar-
bitrary field is row—equivalent to precisely one matrix which is in reduced
row—echelon form.

A flow—chart for the Gauss—Jordan algorithm, based on [1, page 83] is pre-
sented in figure 1.1 below.
1.4 Systematic solution of linear systems.

Suppose a system of m linear equations in n unknowns x1, -- -, x, has aug-
mented matrix A and that A is row—equivalent to a matrix B which is in
reduced row—echelon form, via the Gauss—Jordan algorithm. Then A and B
are m X (n + 1). Suppose that B has r non—zero rows and that the leading
entry 1 in row ¢ occurs in column number ¢;, for 1 < ¢ < r. Then

1< << -, < <n+1.
Also assume that the remaining column numbers are ¢,11, -+, Cht1, Where

1< << - <ep<n+ 1l

Case 1: ¢, = n+ 1. The system is inconsistent. For the last non—zero
row of B is [0, 0,---, 1] and the corresponding equation is

Ox1 +0xo 4+ - -+ + 0x,, = 1,
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START
?
Input A, m, n

)
i=1,j=1

Are the elements in the
jth column on and below

the 7th row all zero?

No

Y

Let ap; be the first non—zero
element in column j on or

j=j+1

below the ith row

Isj=n?

No
Yes
Is p =147
Yes \\NO
Interchange the
pth and ith rows
/ Y
Divide the ith row by a;;
Subtract a,; times the ith
row from the ¢th row for
forq=1,...,m(q #1)
Set ¢; = j
Yes 1 Print A,
i=itl Isi=m? CLy ooy Ci
J=J+ ,I\V l
No Is j = n? Yes R STOP

Figure 1.1: Gauss—Jordan algorithm.
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which has no solutions. Consequently the original system has no solutions.

Case 2: ¢, < n. The system of equations corresponding to the non—zero
rows of B is consistent. First notice that » < n here.

Ifr=n,thencgi=1,¢c0=2,---, ¢,, =n and
(1 0 -+ 0 dy ]
01 --- 0 do
B=]00 1 d,
0 0 0
100 -~ 0 0 |
There is a unique solution x1 = dy, x9 = ds, -+, T, = dp.

If r < n, there will be more than one solution (infinitely many if the
field is infinite). For all solutions are obtained by taking the unknowns
Zeys -0y Te, as dependent unknowns and using the r equations correspond-
ing to the non—zero rows of B to express these unknowns in terms of the
remaining independent unknowns ¢, ..., T¢,, which can take on arbi-

trary values:

Loy = biny1 — blcr+1xcr+1 — blcnxcn
Te, = brng1 —bre,y Tepyy — 00— bre, Te,.
In particular, taking z..., = 0,...,2., , = 0 and z., = 0, 1 respectively,

produces at least two solutions.
EXAMPLE 1.4.1 Solve the system

r+y =
r—y
dor +2y =

I
—= = O

Solution. The augmented matrix of the system is

1 10
A=11 -1 1
4 21
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which is row equivalent to

10 2
B={01 —3
00 O
We read off the unique solution z = %, Yy = —%.

(Here n = 2,7 =2,¢1 = 1,0 =2. Alsoc, = ¢ =2<3=n+1and
r=n.)

EXAMPLE 1.4.2 Solve the system

2x1 4+ 2x9 — 223 = 5
Txy+Txo+2x3 = 10
51+ dxro —x3 = b.

Solution. The augmented matrix is

2 2 =2 5
A=17 7 1 10
55 -1 5
which is row equivalent to
1 100
B=]10010
0 0 01

We read off inconsistency for the original system.
(Heren=3,r=3,c1=1,c0=3. Alsoc, =cg=4=n+1.)

EXAMPLE 1.4.3 Solve the system

1 — X2 + T3

Tl +x9—T3 = 2.

Solution. The augmented matrix is

1 -1 11

A=17 1 4
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which is row equivalent to

B=

| —
O =
_= O
=)
D[RO o
—_

The complete solution is 1 = %, Ty = % + x3, with z3 arbitrary.
(Here n = 3,7 =2,¢1 = 1,0 =2. Alsoc, = =2<4=n+1 and
r<n.)

EXAMPLE 1.4.4 Solve the system

6x3 + 24 — 4x5 — 8xg =

3x3 + x4 — 225 —4dxg =

201 — 3xo + 3+ 44 — 725 + 6 =
6x1 — 920 + 11lxgy — 1925 4+ 326 =

=N e 00

Solution. The augmented matrix is

0 06 2 -4 -8 8

A 0o 03 1 -2 -4 4

12 =31 4 -7 12

6 -9 0 11 —-19 3 1

which is row equivalent to
3 11 19 1

B_ 0 01 35 -5 0 3

0 00 O 01 g

0 00 O 00 O

The complete solution is

1 3 11 19
T1 = 34 + 5L2 — § T4 + % Is,

1 2
T3 =3 — 3%4 + 35,

T6 = 7,

== wlot

with xo, x4, x5 arbitrary.
(Heren=6,r=3,c1=1,c0=3,¢c3=6;¢, =c3=6<T=n+1; r<n.)
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EXAMPLE 1.4.5 Find the rational number ¢ for which the following sys-
tem is consistent and solve the system for this value of .

r+y = 2
rT—y =
3r—y =

Solution. The augmented matrix of the system is

1 1 2
A=1]1 -1
3 -1 ¢

which is row—equivalent to the simpler matrix

B =

o O =
O =
N N

t —

Hence if t # 2 the system is inconsistent. If ¢ = 2 the system is consistent
and

O =
O = O
O = =

We read off the solution z =1, y = 1.

EXAMPLE 1.4.6 For which rationals a and b does the following system
have (i) no solution, (ii) a unique solution, (iii) infinitely many solutions?

r—2y+3z = 4
20 —-3y+az = 5
3r —4y+5z = b.

Solution. The augmented matrix of the system is
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R, — B, — 2R, 1 -2 3 4
Ry — R — 3R 0 Lamb 3
3 3 ! 0 2 -4 b—12

1 -2 3 4

R3—>R3—2R2 0 1 a—©6 -3 = B.
0 0 —2a+8 b—6
Case 1. a # 4. Then —2a + 8 # 0 and we see that B can be reduced to
a matrix of the form
u
v
b—6
—2a+8

100
010
0 01

and we have the unique solution x = u, y = v, z = (b —6)/(—2a + 8).

Case 2. a = 4. Then

1 -2 3 4
B=|0 1 -2 -3
0 0 0 b-6

If b # 6 we get no solution, whereas if b = 6 then

1 -2 3 4 10 -1 =2
B=]10 1 -2 -3 Ry — Ri1 + 2Ry 01 -2 -3 |. We
0o 0 0 O 00 0 0

read off the complete solution x = —2 + z, y = —3 + 2z, with z arbitrary.

EXAMPLE 1.4.7 Find the reduced row—echelon form of the following ma-
trix over Zs:

21 2 1

2 21 0|
Hence solve the system

20 +y + 22
20 4+2y+2 = 0

over Zs.

Solution.
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[2121} Ry — Ry Ry [21 2 1]:[2121]

2 210 01 -1 -1 01 2 2
1 21 2 1 0 0 1
Ry — 2Ry [0 1 9 2:| Ri — R1+ Ry [0 1 9 2:|.

The last matrix is in reduced row—echelon form.

To solve the system of equations whose augmented matrix is the given
matrix over Zs, we see from the reduced row—echelon form that x = 1 and
Yy =2—2z =2+ z, where z = 0, 1, 2. Hence there are three solutions
to the given system of linear equations: (z, y, z) = (1, 2, 0), (1,0, 1) and
(1, 1, 2).

1.5 Homogeneous systems

A system of homogeneous linear equations is a system of the form

ailxry + ajgx2 + -+ apTy =

ag1x1 + agx2 + -+ - + apTy =

am1T1 + amaT2 + - -+ amprn, = 0.

Such a system is always consistent as 1 = 0, ---, x, = 0 is a solution.
This solution is called the trivial solution. Any other solution is called a
non—trivial solution.

For example the homogeneous system

r—y
rt+y =

has only the trivial solution, whereas the homogeneous system

r—y+z = 0

r+y+z = 0
has the complete solution z = —z, y = 0, z arbitrary. In particular, taking
z = 1 gives the non—trivial solution x = —1, y =0, z = 1.

There is simple but fundamental theorem concerning homogeneous sys-
tems.

THEOREM 1.5.1 A homogeneous system of m linear equations in n un-
knowns always has a non—trivial solution if m < n.



1.6. PROBLEMS 17

Proof. Suppose that m < n and that the coefficient matrix of the system
is row—equivalent to B, a matrix in reduced row—echelon form. Let r be the
number of non—zero rows in B. Then r < m < n and hence n — r > 0 and
so the number n — r of arbitrary unknowns is in fact positive. Taking one
of these unknowns to be 1 gives a non—trivial solution.

REMARK 1.5.1 Let two systems of homogeneous equations in n un-
knowns have coefficient matrices A and B, respectively. If each row of B is
a linear combination of the rows of A (i.e. a sum of multiples of the rows
of A) and each row of A is a linear combination of the rows of B, then it is
easy to prove that the two systems have identical solutions. The converse is
true, but is not easy to prove. Similarly if A and B have the same reduced
row—echelon form, apart from possibly zero rows, then the two systems have
identical solutions and conversely.

There is a similar situation in the case of two systems of linear equations
(not necessarily homogeneous), with the proviso that in the statement of
the converse, the extra condition that both the systems are consistent, is
needed.

1.6 PROBLEMS

1. Which of the following matrices of rationals is in reduced row—echelon
form?

0 5 10 0
0 -4 | (c) 01 0
1 0 -2

(a) (b)

SO +H OO0 OoO O o+

(d)

0
0
0
0
0
(e) .
0

S OO N OO+
SO O OO

r
L
r
o O o O
o = O O
—~
—
~—
o O o o
o O = O
S = N O

() - [Answers: (a), (), (g)]

SR O oo o+~ O oo

O OO oo oo OO

oo o, OO OO
|

RN R O~ N N

)
)
@)
)
)

2. Find reduced row—echelon forms which are row—equivalent to the following
matrices:

1 11 2 0 0
@[y 8 o] w15l © Lol @] 000
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[Answers:

IR

00 1
10 (d)| o
1

3. Solve the following systems of linear equations by reducing the augmented
matrix to reduced row—echelon form:

(a) r+y+z = 2 (b) 1 +x2—2x3+2x4 = 10
20+ 3y — 2z = 8 3r1 —xo+Tx3+4x4, = 1
r—y—z = -8 —5x1 + 329 —1bx3 — 64 = 9
(c) 3r—y+72 = 0 (d) 2r9 +3x3 —4xs = 1
2r —y+4z = % 203+ 3x4 = 4
rT—y+z = 1 201+ 2x9 —brs+2x4 = 4
6x —4y + 10z = 3 201 —6x3+9x4 = T
[Answers: (a) z = -3, y = 22, 2 = 1; (b) inconsistent;
(c) x = —% —3z,y = —% — 2z, with z arbitrary;
(d) z1 = % — 92y, 29 = —% + 1?7334, T3 =2 — %m, with x4 arbitrary.]

4. Show that the following system is consistent if and only if ¢ = 2a — 3b
and solve the system in this case.

20 —y+3z =
3r+y—52z = b
-5z — o5y +2lz = c
[Answer: z = “TH) + %z, Y= _3“7”1’ + %z, with z arbitrary.]

5. Find the value of ¢ for which the following system is consistent and solve
the system for this value of ¢.

r+y = 1
tr+y =t
1+t)z+2y = 3.

[Answer: t =2,z =1,y =0]
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6. Solve the homogeneous system

—3r14+axstaxstry =
T1 — 3x9 +x3+ 24

I
o o o o

T1+ x9 — 3x3 + T4

T+ x2+23—314 =
[Answer: 1 = 29 = x3 = x4, with x4 arbitrary.]
7. For which rational numbers A does the homogeneous system
r+AN-3)y =
A=3)z+y =
have a non-trivial solution?

[Answer: A = 2, 4.]

8. Solve the homogeneous system

3r1+x0+23+24 = 0
51 —xo+ax3—24 = 0.
[Answer: x; = —%xg, Ty = —i%g — x4, with z3 and x4 arbitrary.]

9. Let A be the coefficient matrix of the following homogeneous system of
n equations in n unknowns:

(1—n)x1+x2+--~+xn =
1+ (1—n)za+---+z,

o o o o

r1+ae+--+ (1 —n)z, =

Find the reduced row—echelon form of A and hence, or otherwise, prove that
the solution of the above system is x1 = 29 = - - - = x,,, with x,, arbitrary.

a b

10. Let A = [ e d ] be a matrix over a field F. Prove that A is row—

equivalent to [ if ad — bc # 0, but is row—equivalent to a matrix

0
whose second row is zero, if ad — be = 0.
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11. For which rational numbers a does the following system have (i) no
solutions (ii) exactly one solution (iii) infinitely many solutions?

r+2y—3z = 4
3r—y+95z = 2
dr+y+(a®>—14)z = a+2.
[Answer: a = —4, no solution; a = 4, infinitely many solutions; a # +4,

exactly one solution.]

12. Solve the following system of homogeneous equations over Zs:

r1+x3+25 =

To+ x4+ 25

I
o o o o

T+ 22+ 23+ T4

T3+ x4 =

[Answer: 1 = x9 = x4 + x5, 3 = x4, With x4 and x5 arbitrary elements of
Zs.]

13. Solve the following systems of linear equations over Zs:

(a) 2z+y+32z = 4 b) 2z+y+32z = 4
dr+y+4z = 1 dr+y+4z = 1
3xr+y+2z = 0 z+y = 3.

[Answer: (a) x =1,y =2,2=0; (b) 2 =142z, y = 2+ 3z, with z an
arbitrary element of Zs.]

14. If (v, ..., ) and (B4, ..., B,) are solutions of a system of linear equa-
tions, prove that

(1 =t)aq +tB1,..., (1 —t)ay + t6y)
is also a solution.

15. If (au,...,qy) is a solution of a system of linear equations, prove that
the complete solution is given by z1 = a1 + y1,...,2n = Qn + Yn, Where
(y1,...,Yn) is the general solution of the associated homogeneous system.
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16. Find the values of a and b for which the following system is consistent.
Also find the complete solution when a = b = 2.

r+y—z+w = 1
ar+y+z+w = b
3x+2y+ aw = 1+4a.

[Answer: a #2ora=2=0b;x =1— 2z, y = 3z — w, with z, w arbitrary.]
17. Let F = {0, 1, a, b} be a field consisting of 4 elements.

(a) Determine the addition and multiplication tables of F. (Hint: Prove
that the elements 140, 1+ 1, 1+a, 1+ b are distinct and deduce that
1+ 1414 1=0; then deduce that 1+ 1=0.)

(b) A matrix A, whose elements belong to F', is defined by

— o

b
b
1

Q = Q

[ 1
A= a
—1 -

prove that the reduced row—echelon form of A is given by the matrix

1 0 00
B=|010 b
0 011
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Chapter 2

MATRICES

2.1 Matrix arithmetic

A matrix over a field F' is a rectangular array of elements from F'. The sym-
bol M, xn(F) denotes the collection of all m x n matrices over F. Matrices
will usually be denoted by capital letters and the equation A = [a;;] means
that the element in the i—th row and j—th column of the matrix A equals
a;j. It is also occasionally convenient to write a;; = (A);j. For the present,
all matrices will have rational entries, unless otherwise stated.

EXAMPLE 2.1.1 The formula a;; = 1/(i+j) for 1 <i <3,1<5<4
defines a 3 x 4 matrix A = [a;;], namely

L1 1 1
2 3 4 5
—| 1L 1 1 1
A=13 7 5 %
L1 1 1
i1 5 6 7

DEFINITION 2.1.1 (Equality of matrices) Matrices A, B are said to
be equal if A and B have the same size and corresponding elements are
equal; i.e., A and B € My, xn(F) and A = [a;5], B = [b;], with a;; = b;; for
1<i<m, 1 <5< n.

DEFINITION 2.1.2 (Addition of matrices) Let A = [a;;] and B =
[bij] be of the same size. Then A + B is the matrix obtained by adding
corresponding elements of A and B; that is

A+ B = [aij] + [bij] = [ai; + bij].

23
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DEFINITION 2.1.3 (Scalar multiple of a matrix) Let A = [a;;] and
t € F (that is t is a scalar). Then tA is the matrix obtained by multiplying
all elements of A by t¢; that is

tA = t[aij} == [taij].

DEFINITION 2.1.4 (Additive inverse of a matrix) Let A = [a;;] .
Then —A is the matrix obtained by replacing the elements of A by their
additive inverses; that is

—A = —lay] = [—ay].

DEFINITION 2.1.5 (Subtraction of matrices) Matrix subtraction is
defined for two matrices A = [a;;] and B = [b;;] of the same size, in the
usual way; that is

A = B = lag;] — [bij] = [aij — bij].

DEFINITION 2.1.6 (The zero matrix) For each m, n the matrix in
M, sn(F), all of whose elements are zero, is called the zero matrix (of size
m x n) and is denoted by the symbol 0.

The matrix operations of addition, scalar multiplication, additive inverse
and subtraction satisfy the usual laws of arithmetic. (In what follows, s and
t will be arbitrary scalars and A, B, C are matrices of the same size.)

1. A+ B)+C=A+(B+ (),

2. A+ B=B+ A;

0+ A=A4

A+ (—A)=0;

(s+t)A=sA+tA, (s—t)A=sA—tA;
t(A+B)=tA+tB, t(A— B)=tA—tB;
s(tA) = (st)A;

1A=A, 0A=0, (-1)A=—A4;

© % N o ok W

tA=0=t=0o0r A=0.

Other similar properties will be used when needed.
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DEFINITION 2.1.7 (Matrix product) Let A = [a;;] be a matrix of
size m x n and B = [b;;] be a matrix of size n x p; (that is the number
of columns of A equals the number of rows of B). Then AB is the m X p
matrix C' = [¢;x] whose (4, k)—th element is defined by the formula

n
Cik, = § aijbjr = a;1big + - -+ + ainbpg.
i=1

EXAMPLE 2.1.2

) (1 2[5 6] [1x5+2x7 1x6+2x8] [19 22
13 4 7 8| |3x5+44xT7 3x64+4x8 | |43 50 |’
2'56 1 2 2334#12 5 6.
T8 3 4 31 46 3 4 7 8|

3. —2}[3 4]:[2 g};

—_

4.3 4}{;]:[11];
Sy e |

Matrix multiplication obeys many of the familiar laws of arithmetic apart
from the commutative law.

1. (AB)C = A(BC) if A, B, C are m x n, n X p, p X q, respectively;
2. t(AB) = (tA)B = A(tB), A(—B)=(—A)B =—(AB);

3. (A+B)C=AC+ BC if A and B are m x n and C'is n X p;

4. D(A+ B)= DA+ DB if A and B are m x n and D is p x m.

We prove the associative law only:
First observe that (AB)C and A(BC) are both of size m X q.
Let A= [aij], B= [bjk], C = [Ckl]' Then

n

p
(AB)ixcr = Z Zaz‘jbjk Ckl

k=1 \j=1

((AB)C); =

M~ I

n
aijbjkCr.
—1

T

Ly
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Similarly

(A(BC))y = > aibjrcn.
k=1

7j=1
However the double summations are equal. For sums of the form

n p P n
D> dig and YN i
j=1k=1 k=1 j=1

represent the sum of the np elements of the rectangular array [d;;], by rows
and by columns, respectively. Consequently

((AB)C); = (A(BC))y
for 1 <i<m,1<1<gq. Hence (AB)C = A(BC).

The system of m linear equations in n unknowns

a1171 + ajoxe + -+ aypxT, = b
9121 + agexo + -+ + gy = bo
Am121 + AmaX2 + -+ AmpTn = bm

is equivalent to a single matrix equation

a1 a2 -+ Glin 1 b1
a1 a2 - a2y x2 bo

- b)
Aml Am2 - (Amn Tn bm

that is AX = B, where A = [a;;] is the coefficient matriz of the system,

1 by
T3 b2

X = . is the vector of unknowns and B = . is the vector of
I bm

constants.

Another useful matrix equation equivalent to the above system of linear
equations is

ain a12 a1n b1

ao1 a22 a2y, by
o | L || L [ Heda| L | =

am1 am2 Qmn bm
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EXAMPLE 2.1.3 The system

rT+y+z =
r—y+z = 0.

is equivalent to the matrix equation

11 1] T
1 -1 1Y) o
z
and to the equation

I b

2.2 Linear transformations

An n—dimensional column vector is an n X 1 matrix over F. The collection
of all n—dimensional column vectors is denoted by F™.

Every matrix is associated with an important type of function called a
linear transformation.

DEFINITION 2.2.1 (Linear transformation) We can associate with
A € Myyxn(F), the function Ty : F™ — F™, defined by T4(X) = AX for all
X € F"™. More explicitly, using components, the above function takes the

form
Y1 = a1+ a2+ -+ a1nTs
Y2 = Q2171+ a2+ -+ aamTn
Ym = Gqm1T1 + am2X2 + -+ Gppp,
where y1, Y2, -, ym are the components of the column vector T4 (X).

The function just defined has the property that
TaA(sX +tY) = sTy(X) +tTy(Y) (2.1)
for all s, t € F' and all n—dimensional column vectors X, Y. For

Ta(sX + 1Y) = A(sX + 1Y) = s(AX) + t(AY) = sTu(X) + tT4(Y).
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REMARK 2.2.1 It is easy to prove that if T': F” — F™ is a function
satisfying equation 2.1, then T' = T4, where A is the m x n matrix whose
columns are T(E4),...,T(E,), respectively, where Fi,..., E, are the n—
dimensional unit vectors defined by

1 0

0 0
Ev=| .|, ...  E,=

0 1

One well-known example of a linear transformation arises from rotating
the (z, y)-plane in 2-dimensional Euclidean space, anticlockwise through 6
radians. Here a point (z, y) will be transformed into the point (z1, y1),
where

x1y = wcosf —ysind

y1 = xsinf + ycosd.

In 3-dimensional Euclidean space, the equations

x1 =xcosh —ysinb, y; = xsinf + ycosb, z1 = z;
Tl =, Yy =ycoso — zsin¢, z; = ysin ¢ + z cos ¢;

T =xcos — zsiny, y; =y, 21 = xsiny + zcosy;

correspond to rotations about the positive z, x and y axes, anticlockwise
through @, ¢, 1 radians, respectively.

The product of two matrices is related to the product of the correspond-
ing linear transformations:

If Aismxn and B is nxp, then the function TyTp : FP — F™, obtained
by first performing T, then T4 is in fact equal to the linear transformation
Tap. For if X € FP, we have

TaTp(X) = A(BX) = (AB)X = Tap(X).

The following example is useful for producing rotations in 3—dimensional
animated design. (See [27, pages 97-112].)

EXAMPLE 2.2.1 The linear transformation resulting from successively
rotating 3—dimensional space about the positive z, x, y—axes, anticlockwise
through 0, ¢, ¥ radians respectively, is equal to T4pc, where
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l
(z1,91)
0
Figure 2.1: Reflection in a line.
[ cos® —sinf 0 1 0 0
C= | sinf cos@ 0|, B=|0 cosp —sing
| 0 0 1 0 sing cos¢
[ cosy 0 —sin
A= 0 1 0
| sinyy 0 cos®
The matrix ABC' is quite complicated:
cosyy 0 —siny cos 6 —siné 0
A(BC) = 0 1 0 cospsinf cospcosf —sing
siny 0 cosy singsinf singcosf  coso

cos 1 cos @—sinsinpsinf — cosy sinf—sinysinpsinf  — sin cos ¢
= cos ¢ sin 6 cos ¢ cos 6 —sin¢

sin ) cos O+cos 1 sin psin@  — sin) sin f+cos singpcos@  cosp cos ¢

EXAMPLE 2.2.2 Another example from geometry is reflection of the
plane in a line [ inclined at an angle 0 to the positive z—axis.

We reduce the problem to the simpler case 8 = 0, where the equations
of transformation are z; = z, y; = —y. First rotate the plane clockwise
through 0 radians, thereby taking [ into the x—axis; next reflect the plane in
the z—axis; then rotate the plane anticlockwise through 6 radians, thereby
restoring [ to its original position.
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l

(z1,91)

Figure 2.2: Projection on a line.

In terms of matrices, we get transformation equations

)= L el Al SE]]
[ cost smeH cos sm@}{x}

sinf —cosf —sinf cosf Y

_ cos 260 sin 26 T
sin20 — cos 260 y |

The more general transformation

T cos —sinf T U
=a . + , a>0,
Y1 sin 6 cos 6 Y v
represents a rotation, followed by a scaling and then by a translation. Such
transformations are important in computer graphics. See [23, 24].

EXAMPLE 2.2.3 Our last example of a geometrical linear transformation
arises from projecting the plane onto a line [ through the origin, inclined
at angle 6 to the positive r—axis. Again we reduce that problem to the
simpler case where [ is the z—axis and the equations of transformation are
1 =x,y; =0.

In terms of matrices, we get transformation equations

I R | A e e A
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_ cos@ 0 cos@ sind z
N sinf 0 —sinf cos# Yy
[ cos? 6 cos@sinH] [w]

sin 6 cos sin? 6 Y

2.3 Recurrence relations

DEFINITION 2.3.1 (The identity matrix) The n x n matrix I, =
[0:5], defined by d;; = 1if i = 7, §;; = 0 if i # j, is called the n x n identity
matrix of order n. In other words, the columns of the identity matrix of
order n are the unit vectors Fy, - - -, E,, respectively.

For example, Is = [ (1) (1) ]

THEOREM 2.3.1 If A is m x n, then I,,A= A= Al,.

DEFINITION 2.3.2 (k—th power of a matrix) If A isan nxn matrix,
we define A* recursively as follows: A° = I, and A1 = A*A for k > 0.

For example A' = A’A =1,A = A and hence A% = A'A = AA.
The usual index laws hold provided AB = BA:
1. AMA™ = AmHn (A = A,
2. (AB)" = A"B™,
3. AmB™ = B"A™;

4. (A+ B)? = A2 + 2AB + B?

5. (A+B)" =Y (HA'B";
=0

6. (A+ B)(A— B)=A?- B2
We now state a basic property of the natural numbers.

AXIOM 2.3.1 (MATHEMATICAL INDUCTION) If P, denotes a

mathematical statement for each n > 1, satisfying

(i) P1 is true,
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(ii) the truth of Py implies that of Pny1 for each n > 1,

then Py, is true for alln > 1.

EXAMPLE 2.3.1 Let A = [ _g _;1 ] . Prove that
1+6n 4n .
n
= > 1.
A [ _on, 1—671] ifn>1

Solution. We use the principle of mathematical induction.

Take P, to be the statement
1+6n 4n

n __
A _[ —9n 1—6n]

Then P; asserts that

g [1H6x1 ax1 ][ 7 4
o -9%x1 1—-6x1]| | -9 =5 |’

which is true. Now let n > 1 and assume that P, is true. We have to deduce
that

net | 14+6(n+1)  4(n+1)
AH_[ -9(n+1) 1—6(n+1)]

7+ 6n dn +4
-9n—-9 —-5—-6n |

Now

An+1 — ‘flnA
1+6n 4dn 7 4
B | B
(14+6n)7+ (4n)(-9) (1 +6n)4+ (4n)(—5)
| (—9n)7+ (1 —6n)(—9) (=9n)4+ (1 —6n)(-5)
[ 74+6n  4n+4 ]
| - -9 —5-6n |’

and “the induction goes through”.

The last example has an application to the solution of a system of re-
currence relations:
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EXAMPLE 2.3.2 The following system of recurrence relations holds for
all n > 0:

Tpt1 = Txp+4yn
Yn+1l = —9Zn — dyn.
Solve the system for x,, and y, in terms of zy and yp.

Solution. Combine the above equations into a single matrix equation
=1 sl
Yn+1 -9 =5 Yn |’

oan_,_l—AXn,whereA—{ 7 4}anan—[x"}
-9 -5 Yn

We see that

X, = AXp
X, = AX; = A(AXy) = A%X,

X, = A"X,.

(The truth of the equation X,, = A"X, for n > 1, strictly speaking
follows by mathematical induction; however for simple cases such as the
above, it is customary to omit the strict proof and supply instead a few
lines of motivation for the inductive statement.)

Hence the previous example gives

e = A ]
_ (1 +6n)zo + (4n)yo
[ (—=9n)zo + (1 — 6n)y0o } ’

and hence z,, = (14 6n)zo+4nyo and y, = (—9In)xo+ (1 —6n)yop, for n > 1.

2.4 PROBLEMS

1. Let A, B, C, D be matrices defined by

[E—

3
A= | -1 , B=| -
1

= O
|
B
— = ot
w O N
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-3 -1
C = 2 1 ,D:[;1 _(1]].
4 3

Which of the following matrices are defined? Compute those matrices
which are defined.

A+ B, A+ C, AB, BA, CD, DC, D?.

[Answers: A+ C, BA, CD, D*

0 —1 0 12 ~14 3
1 31, -4 2|, 10 -2 |, [1;1 :3].]
5 4 -10 5 22 —4

.LetA:{_1 0 1]. Show that if B is a 3 x 2 such that AB = I,

a b
B=| —-a—-1 1-b
a+1 b

for suitable numbers a and b. Use the associative law to show that
(BA)QB = B.

CIfA= [(Z 2],provethat A% — (a+d)A + (ad — be) Iy = 0.

4

A= [ -3 ], use the fact A2 = 4A — 31, and mathematical

1 0
induction, to prove that
(3" —1) 3-3"

A L, ifn>1.
5 + 5 2 UnNn =

A" =

. A sequence of numbers x1, xa,...,Zn, ... satisfies the recurrence rela-

tion 41 = axy +bx,—1 for n > 1, where a and b are constants. Prove

that
Tn41 —A In
Tn Tp—1 |’
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a b

where A = [ } and hence express [ Tt ] in terms of | !
1 0 n xo
If a =4 and b = —3, use the previous question to find a formula for
T, in terms of x1 and xg.
[Answer:
3" —1 n 3-3" ]
Ty = x xo.
n 2 1 2 0
2a —a?
. Let A= .
6. Let { 1 0 ]
(a) Prove that
n (n+1)a® —na™*! .
= > 1.
A { na"~! (1 -n)a" ifn =1
(b) A sequence g, T1,...,Zn,... satisfies z,41 = 2ax, — a®z,_1 for

n > 1. Use part (a) and the previous question to prove that
T, =na" 'z + (1 — n)a"zy for n > 1.

7. Let A = [ Z 2 ] and suppose that A1 and A9 are the roots of the

quadratic polynomial 22 — (a+d)x+ad—be. (A1 and Ay may be equal.)
Let k, be defined by kg =0, k&1 =1 and for n > 2

ky = i}wugl.

Prove that
knt1 = (A1 4+ A2)kn — M2k, 1,

if n > 1. Also prove that

b — (AT = A5) /(A1 —A2)  if Ay # Ao,
S TP Vi if A\; = M.

Use mathematical induction to prove that if n > 1,
A" = kp A — Mok, 11,

[Hint: Use the equation A? = (a + d)A — (ad — bc)Is.]
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. Use Question 7 to prove that if A = [ ; ? ], then
o 3"[1 1 ()™ ' -1 1
=5 [ 11 } M 1 -1

ifn>1.

. The Fibonacci numbers are defined by the equations Fy = 0, F} =1

and Fj,y1 = F, + F,—1 if n > 1. Prove that
1 ((1+v5\ [1-v5\"
F,=— —
V5 2 2

Let » > 1 be an integer. Let a and b be arbitrary positive integers.
Sequences x, and ¥y, of positive integers are defined in terms of a and
b by the recurrence relations

if n>0.

Tptl = Tp+TYn

Yntl = Tp+ Yn,

for n > 0, where zg = a and yg = b.
Use Question 7 to prove that
T

— — T as n — oQ.
Yn

2.5 Non—singular matrices

DEFINITION 2.5.1 (Non—singular matrix) A matrix A € M, x,(F)
is called non—singular or invertible if there exists a matrix B € M, xn(F)
such that

AB =1, = BA.

Any matrix B with the above property is called an inverse of A. If A does
not have an inverse, A is called singular.

THEOREM 2.5.1 (Inverses are unique) If A has inverses B and C,
then B = C.
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Proof. Let B and C be inverses of A. Then AB = I, = BA and AC =
I,, = CA. Then B(AC) = BI,, = B and (BA)C = I,,C = C. Hence because
B(AC) = (BA)C, we deduce that B = C.

REMARK 2.5.1 If A has an inverse, it is denoted by A~!. So
AAT =1, =ATA
Also if A is non-singular, it follows that A~! is also non-singular and
(AH™ 1= A

THEOREM 2.5.2 If A and B are non—singular matrices of the same size,
then so is AB. Moreover

(AB)"' =B tA~L
Proof.
(AB)(B'A™ Yy = ABBB YA ' = AILA™' = AA ' =1,

Similarly
(BYA™Y(AB) = I,.

REMARK 2.5.2 The above result generalizes to a product of m non-—
singular matrices: If Aq,..., A,, are non—singular n X n matrices, then the
product Aj ... A, is also non—singular. Moreover

(Ay ... Ap) b =41 AT

(Thus the inverse of the product equals the product of the inverses in the
reverse order.)

EXAMPLE 2.5.1 If A and B are n x n matrices satisfying A> = B? =
(AB)? = I,,, prove that AB = BA.

Solution. Assume A? = B? = (AB)? = I,,. Then A, B, AB are non—
singular and A~! = A, B~ = B, (AB)"! = AB.
But (AB)~! = B~'A~! and hence AB = BA.

4 8 d
is an inverse of A. Then the equation AB = I, gives

el a]=lot)

EXAMPLE 2.5.2 A = [ L2 } is singular. For suppose B = [ CCL b ]
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and equating the corresponding elements of column 1 of both sides gives the
system

a+2¢c =
4da+8 = 0

which is clearly inconsistent.

THEOREM 2.5.3 Let A = [ (cl Z ] and A = ad — bc # 0. Then A is
non-singular. Also
IR
—c a
REMARK 2.5.3 The expression ad — bc is called the determinant of A
and is denoted by the symbols det A or @ Z

d

Proof. Verify that the matrix B = A~! [ e

AB = I, = BA.

—b : .
a } satisfies the equation

EXAMPLE 2.5.3 Let

A:

o O O
S O =
O = O

Verify that A3 = 5I3, deduce that A is non-singular and find A~!.

Solution. After verifying that A% = 513, we notice that

Ala == La2)a.
5 5

Hence A is non-singular and A~! = %AQ.

THEOREM 2.5.4 If the coefficient matrix A of a system of n equations
in n unknowns is non—singular, then the system AX = B has the unique
solution X = A~!B.

Proof. Assume that A~ exists.
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1. (Uniqueness.) Assume that AX = B. Then

(A7TAX = A7'B,
I,X = A'B,
X = A'B.

2. (Existence.) Let X = A~!B. Then

AX = A(A™'B)=(AAYHB=1,B=B.

39

THEOREM 2.5.5 (Cramer’s rule for 2 equations in 2 unknowns)

The system

ax+by = e
ce+dy = f

has a unique solution if A =

a b
. d’#o, namely

where

Al: ‘ and AQ_‘ Z

QU o

e

f
a b .

Proof. Suppose A # 0. Then A = [ e d } has inverse

Alel[ d —b}

and we know that the system

A3 1-]
Y
has the unique solution
T _ e 1 d —b e
MEEEE{EIN
1{ de—bf]
A| —ce+af

174
A Ay

Hence z = A1 /A, y = Ag/A.

|

|

Ay/A
Ag/A

K
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COROLLARY 2.5.1 The homogeneous system

axr +by =

0
ce+dy = 0

has only the trivial solution if A = ’ ch Z ‘ #0.

EXAMPLE 2.5.4 The system

Tr+8y = 100
20 =9y = 10

has the unique solution z = A /A, y = Ay /A, where

100 8
10 -9

7 100
2 10

A= =79, A=

7T 8
2

‘:980, Ag=

’:130,

— 980 — 130
Soz =%y and y = 5.

THEOREM 2.5.6 Let A be a square matrix. If A is non-singular, the
homogeneous system AX = 0 has only the trivial solution. Equivalently,
if the homogenous system AX = 0 has a non-trivial solution, then A is
singular.

Proof. If A is non-singular and AX =0, then X = A~10 = 0.

REMARK 2.5.4 If A,q,..., A, denote the columns of A, then the equa-
tion

AX = 1144+ ...+ 2, A0

holds. Consequently theorem 2.5.6 tells us that if there exist x1,...,x,, not
all zero, such that

1A + ..+ xpnAin =0,

that is, if the columns of A are linearly dependent, then A is singular. An
equivalent way of saying that the columns of A are linearly dependent is that
one of the columns of A is expressible as a sum of certain scalar multiples
of the remaining columns of A; that is one column is a linear combination
of the remaining columns.
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EXAMPLE 2.5.5

1
A=1]1
3

= O N

3
1
7
is singular. For it can be verified that A has reduced row—echelon form

10
01
0 0

O =

and consequently AX = 0 has a non—trivial solutionx = —1, y = -1, z = 1.

REMARK 2.5.5 More generally, if A is row—equivalent to a matrix con-
taining a zero row, then A is singular. For then the homogeneous system
AX = 0 has a non—trivial solution.

An important class of non-singular matrices is that of the elementary
TOW Matrices.

DEFINITION 2.5.2 (Elementary row matrices) To each of the three
types of elementary row operation, there corresponds an elementary row
matriz, denoted by E;j;, E;(t), Ei;(t):

1. Eij, (1 # j) is obtained from the identity matrix I,, by interchanging
rows ¢ and j.

2. E;(t), (t #0) is obtained by multiplying the i—th row of I, by t.

3. E;j(t), (i # j) is obtained from I,, by adding t times the j-th row of
I, to the i—th row.

EXAMPLE 2.5.6 (n=3.)

0

1
Ey= |0
0 1

= o O

0 1
1 |,Ey(-1)=]0 -
0 0

O = O
= o O

1
) E23(_1) = 0
0

S = O

The elementary row matrices have the following distinguishing property:

THEOREM 2.5.7 If a matrix A is pre-multiplied by an elementary row
matrix, the resulting matrix is the one obtained by performing the corre-
sponding elementary row—operation on A.
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EXAMPLE 2.5.7

b 1 00 a b a b
E23 d == 0 01 c d == (& f .
f 0 10 e f c d

COROLLARY 2.5.2 Elementary row—matrices are non—singular. Indeed

o

1. E;l = Eij;
2. E;'(t) = Ei(t™);
3. (Ey(t)~" = Eij(—1).

Proof. Taking A = I, in the above theorem, we deduce the following
equations:

EyE; = I,
E(OE () = Iy=E(t )E() ift£0
Eii(t)Eij(=t) = I, = Ej(—t)Ey(1).

EXAMPLE 2.5.8 Find the 3 x 3 matrix A = FE3(5)E23(2) E12 explicitly.
Also find A~1.

Solution.

010 0 1
A=EFE3(5)E»(2) |1 0 0| =Es(5)| 1 0
00 1 00

=N O
Il
O = O
S O =
ot N O

To find A~!, we have

A7 = (E3(5)E23(2)E1) "
)

Il
&
ol
N
—~
=
w
—~
[\
~— —

= EinEy(-2)E3(57")
100
= Ei2Bx3(-2)| 0 1 0
00 %
10 0 01 -2
= Ep| 01 2}{1 0 0]
00 § 00 1
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REMARK 2.5.6 Recall that A and B are row—equivalent if B is obtained
from A by a sequence of elementary row operations. If E1,..., E, are the
respective corresponding elementary row matrices, then

B=E, (... (BE2(E1A))...) = (E....E))A = PA,

where P = E, ... Fy is non—singular. Conversely if B = PA, where P is
non-singular, then A is row—equivalent to B. For as we shall now see, P is
in fact a product of elementary row matrices.

THEOREM 2.5.8 Let A be non—singular n x n matrix. Then
(i) A is row—equivalent to I,,,

(ii) A is a product of elementary row matrices.

Proof. Assume that A is non—singular and let B be the reduced row—echelon
form of A. Then B has no zero rows, for otherwise the equation AX = 0
would have a non-trivial solution. Consequently B = I,,.

It follows that there exist elementary row matrices E1, ..., E, such that
E.(...(E1A)...) = B = I, and hence A = FE;'...E ', a product of

elementary row matrices.

THEOREM 2.5.9 Let A be n x n and suppose that A is row—equivalent
to I,,. Then A is non-singular and A~! can be found by performing the

same sequence of elementary row operations on I,, as were used to convert
A to I,,.

Proof. Suppose that E,....E1A = I,. In other words BA = I,,, where
B = E,...FE; is non-singular. Then B~'(BA) = B~'I,, and so A = B~!,
which is non—singular.

Also At = (BY) ' = B=E,((...(E1l,)...), which shows that A~!
is obtained from I, by performing the same sequence of elementary row
operations as were used to convert A to I,.

REMARK 2.5.7 It follows from theorem 2.5.9 that if A is singular, then
A is row—equivalent to a matrix whose last row is zero.

EXAMPLE 2.5.9 Show that A = [ 1 ? } is non-singular, find A~! and

express A as a product of elementary row matrices.
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Solution. We form the partitioned matrix [A|2] which consists of A followed
by Is. Then any sequence of elementary row operations which reduces A to
I will reduce I to A~1. Here

wa=[17 ]3]
menen 3 2] 1]
metom [37]1 2]
A

Hence A is row—equivalent to I3 and A is non—singular. Also

o [-1 2
R

We also observe that
Elg(—2)E2(—1)E21(—1)A = IQ.
Hence

A7l = Epp(=2)Ey(—1)Exn(-1)
A = Ey(1)Ex(—1)Ea(2).

The next result is the converse of Theorem 2.5.6 and is useful for proving
the non—singularity of certain types of matrices.

THEOREM 2.5.10 Let A be an n X n matrix with the property that
the homogeneous system AX = 0 has only the trivial solution. Then A is
non-singular. Equivalently, if A is singular, then the homogeneous system
AX = 0 has a non—trivial solution.

Proof. If A is n x n and the homogeneous system AX = 0 has only the
trivial solution, then it follows that the reduced row—echelon form B of A
cannot have zero rows and must therefore be I,,. Hence A is non—singular.

COROLLARY 2.5.3 Suppose that A and B are n x n and AB = I,.
Then BA = I,,.
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Proof. Let AB = I,,, where A and B are n x n. We first show that B
is non-singular. Assume BX = 0. Then A(BX) = A0 =0, so (AB)X =
0, I,X = 0 and hence X = 0.

Then from AB = I,, we deduce (AB)B~! = I, B! and hence A = B~ 1.
The equation BB~! = I,, then gives BA = I,,.

Before we give the next example of the above criterion for non-singularity,

we introduce an important matrix operation.

DEFINITION 2.5.3 (The transpose of a matrix) Let A be an m xn
matrix. Then A!, the transpose of A, is the matrix obtained by interchanging
the rows and columns of A. In other words if A = [a;;], then (A*)

Consequently A? is n x m.

ji = Qjy.

The transpose operation has the following properties:

(AN = 4

—_

2. (A+ B)! = At + Bt if A and B are m x n;

3. (sA)! = sAl if s is a scalar;

4. (AB)t = B'AYif Ais m x n and B is n X p;

5. If A is non-singular, then A’ is also non-singular and
(A = (A7)

6. X!X =22 +...+22if X =[z1,...,2,]" is a column vector.

We prove only the fourth property. First check that both (AB)! and B!A!
have the same size (p x m). Moreover, corresponding elements of both
matrices are equal. For if A = [a;;] and B = [bj], we have

((AB)),, = (AB);

n

= D _aibj
Jj=1
n

- Z (Bt)kj (At)ji

j=1
= (BtAt)kz' :

There are two important classes of matrices that can be defined concisely
in terms of the transpose operation.



46 CHAPTER 2. MATRICES

DEFINITION 2.5.4 (Symmetric matrix) A matrix A is symmetric if
A" = A. In other words A is square (n x n say) and aj; = a;; for all
1<i<n,1<j5<n. Hence
a b
=[]

is a general 2 x 2 symmetric matrix.

DEFINITION 2.5.5 (Skew—symmetric matrix) A matrix A is called
skew-symmetric if A = —A. In other words A is square (n x n say) and
aj; = —aj; forall 1 <i<n, 1 <j5<n.

REMARK 2.5.8 Taking i = j in the definition of skew—symmetric matrix
gives a;; = —a;; and so a; = 0. Hence

0 b
A =
o)
is a general 2 x 2 skew—symmetric matrix.

We can now state a second application of the above criterion for non-—
singularity.

COROLLARY 2.5.4 Let B be an n x n skew—symmetric matrix. Then
A = I, — B is non—singular.

Proof. Let A= I, — B, where B! = —B. By Theorem 2.5.10 it suffices to
show that AX = 0 implies X = 0.

We have (I, — B)X =0,s0 X = BX. Hence X!X = X!BX.
Taking transposes of both sides gives

(X'BX) = (X'X)!
XtBt(Xt)t — Xt(Xt)t
X'(-B)X = X'X
-X'BX = X'X=X'BX.

Hence X'X = —X'X and X'X = 0. But if X = [z1,...,7,]!, then X'X =
22 +...+22 =0 and hence 1 =0,...,7, = 0.
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2.6 Least squares solution of equations

Suppose AX = B represents a system of linear equations with real coeffi-
cients which may be inconsistent, because of the possibility of experimental
errors in determining A or B. For example, the system

r = 1
y = 2
z+y = 3.001

is inconsistent.

It can be proved that the associated system A’AX = A'B is always
consistent and that any solution of this system minimizes the sum 7%+ ...+
r2 where 71,..., 7y (the residuals) are defined by

ri = ainx1 + ...+ apTy — by,

for i = 1,...,m. The equations represented by A'AX = A'B are called the
normal equations corresponding to the system AX = B and any solution
of the system of normal equations is called a least squares solution of the
original system.

EXAMPLE 2.6.1 Find a least squares solution of the above inconsistent
system.

1 0 1
Solution. Here A= | 0 1 ,X—[x],B: 2
11 Y 3.001
10
1 01 2 1
ThenAtA:[Oll} 01 :[12]
11 ]
1 0 1 1 4.001
AlsoAtB:[O 1 1] 2 :[5001].
3.001 | '

So the normal equations are

2 +y = 4.001
z+2 = 5.001

which have the unique solution

3001 6.001

T3 YTy
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EXAMPLE 2.6.2 Points (z1, 1), ..., (Zn, yn) are experimentally deter-
mined and should lie on a line y = mx + ¢. Find a least squares solution to
the problem.

Solution. The points have to satisfy

mx1+c = 1
My +C = Yn,
or Ax = B, where
x1 1 Y1
A= L X = [ m ] . B=
S c :
Ty 1 Yn

il 1 9 9
ALA — x|, ... Ip : : _ x+...+tx, r1+...+x,
1 ... 1 o + + xzp n
z, 1
Also
U1
A'B — 1 ... Tp . _ T1Y1 + ...+ TpYn
1 ... 1 : Y1+ ...+ Yn '
Yn

It is not difficult to prove that

A= det(A'A) = Y (2 —x))>%

1<i<j<n

which is positive unless 1 = ... = x,,. Hence if not all of x1,...,x, are

equal, A'A is non-singular and the normal equations have a unique solution.
This can be shown to be

1 1

m=— Y, (wi—a)i—y)e=x Y (wyy— )@ ).

1<i<j<n 1<i<j<n

REMARK 2.6.1 The matrix A'A is symmetric.
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2.7 PROBLEMS

1. Let A = [ _; le Prove that A is non-singular, find A~! and
express A as a product of elementary row matrices.
1 _4
[Answer: A1 = [ B 13 ],
13 13

A = E91(—3)FE2(13)E12(4) is one such decomposition.]

2. A square matrix D = [d;;] is called diagonal if d;j = 0 for i # j. (That
is the off-diagonal elements are zero.) Prove that pre-multiplication
of a matrix A by a diagonal matrix D results in matrix DA whose
rows are the rows of A multiplied by the respective diagonal elements
of D. State and prove a similar result for post—multiplication by a
diagonal matrix.

Let diag (aq,...,a,) denote the diagonal matrix whose diagonal ele-
ments d;; are ai,...,ay, respectively. Show that

diag (a1, ..., a,)diag (by,...,b,) = diag (a1b1, ..., anby)

and deduce that if a; ...a, # 0, then diag (ay,...,a,) is non—singular
and

(diag (a1, . ..,a,)) "t = diag (a; ..., a;").

Also prove that diag (ai,...,a,) is singular if a; = 0 for some 1.
0 0 2
3. Let A= |1 2 6 |. Prove that A is non-singular, find A~! and
3 79
express A as a product of elementary row matrices.
—12 7T =2
[Answers: A1 = 5 -3 1],
5 0 0

A= E12E31 (3)E23E3(2)E12(2)E13(24)E23(—9) is one such decompo—
sition.]
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8.
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1 2 k
. Find the rational number k for which the matrix A= | 3 -1 1
5 3 -5
is singular. [Answer: k = —3.]
1 2. . . .
. Provethat A= | 9 _4 | singular and find a non—singular matrix

P such that PA has last row zero.

LA = [ 7:1)) 411 }, verify that A2 — 24 + 13l = 0 and deduce that
A"l = —Tlg(A — 2[2)
1 1 -1
Let A=]0 0 1
2 1 2

(i) Verify that A% =342 — 34 + I3.

(ii) Express A% in terms of A?, A and I3 and hence calculate A*
explicitly.

(iii) Use (i) to prove that A is non-singular and find A~! explicitly.

—11 -8 —4
[Answers: (ii) A* = 642 — 8A + 33 = 12 9 4 |;
20 16 5
-1 -3 1
(iii) A™1 = A2 - 34 + 313 = 2 4 -1 1]
0 1 0

(i) Let B be an n x n matrix such that B3 = 0. If A = I, — B, prove
that A is non-singular and A~! = I,, + B + B2,

Show that the system of linear equations AX = b has the solution

X = b+ Bb+ B2b.

0 r s
(i) fB= |0 0 ¢t |, verify that B3 = 0 and use (i) to determine
0 00
(I3 — B)~! explicitly.
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9.

10.

11.

12.

1 r s+rt
[Answer: | 0 1 t ]
0 0 1

Let A ben xn.

(i) If A% =0, prove that A is singular.
(ii) If A2 = A and A # I,,, prove that A is singular.

Use Question 7 to solve the system of equations

rt+y—z =
z = b
2r4+y+22 = ¢

where a, b, ¢ are given rationals. Check your answer using the Gauss—
Jordan algorithm.

[Answer: © = —a—3b+c,y=2a+4b—c, z=10.]

Determine explicitly the following products of 3 x 3 elementary row
matrices.

(i) ErgEas (i) E1(5)E12  (iii) E1a(3)Ea(=3) (iv) (E:1(100))~!
(V) B (vi) (Baa(7)) 7" (vid) (Br2(7)Es (1)~

0 0 1 0 5 0 -8 3 0
[Answers: (i) [ 1 0 0 } (ii) [ 1 0 0 } (iif) [ -3 1 0 }
0 1 0 0 0 1

1/100 0 0 0 1 0 1 =7 0 1 -7 0
(iv)[ 0 1 0}@)[1 0 0}(\,1)[0 1 o}wﬁ){ 0 1 0]]
0 o0 1 0 0 1 0 0 1 -1 71

Let A be the following product of 4 x 4 elementary row matrices:
A = E3(2)E14FE42(3).

Find A and A~ explicitly.

0 3 0 1 0 0 0 1

o, o100 o o 1 0 o
[Answers: A= | o o o, . A =], 12 0 ]

1 0 0 O 1 -3 0 0
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13.

14.

15.

16.

17.

18.
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Determine which of the following matrices over Z, are non—singular
and find the inverse, where possible.

11 0 1 11 0 1 11 1 1
00 1 1 001 1 1 ) 10 0 1
@7 7 11| ®|1 g1 ol [Answeri@ |1 ¢ (]
10 0 1 11 0 1 11 1 0

Determine which of the following matrices are non—singular and find
the inverse, where possible.

M1 1 17 2 2 4 4 6 -3
(@ | -1 1 0 (b){ 1 0 1 } (c) [ 0 7 }
0 01 0 0

0 -

o o

2 0 0 é f 3 g 1 2 3
@] 0 =5 0] (e ) |4 5 6
0 0 7 0 012 5 9

00 0 2

1 -1 -1 0 1/7
1 -2 0 -3
0 1 -2 2

©@lo o 1 -1 ]
0o 0 0 1/2

Let A be a non-singular n X n matrix. Prove that A’ is non-singular
and that (A")~! = (A1),

Prove that A = [ (Z: ] has no inverse if ad — bc = 0.

d

[Hint: Use the equation A? — (a + d)A + (ad — be)Iy = 0.]

1 a b
Prove that the real matrix A =| —a 1 ¢ } is non—singular by prov-
b —c 1

ing that A is row—equivalent to Is.

If P~'AP = B, prove that P~'A"P = B" for n > 1.
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1 2/3 1/4 _ 1 3 . 1 _
19. Let A = [1/3 3/4},P— [_1 4} Verify that P7'AP =
[5/12 0

0 1 ] and deduce that
n 173 3 L/5\"[ 4 -3
A _7{4 4}+7(12> [—4 3]'

a b
20. LetA—[C d

} be a Markov matrix; that is a matrix whose elements

are non—negative and satisfy a+c =1 = b+d. Alsolet P = [ g _1 ] .
Prove that if A # I then

1 0
. . o _1 _
(i) P is non-singular and P AP—[O a+d—1]’
1 b b 01
N an .
(ii) A —>b—|—c[c C]asn—»oo,lfA%[l O]'
1 2 -1
L. IX=|3 4 |andY =] 3],find XX, XIX, VY, VY.
5 6 4
5 11 17 1 -3 —4
[Answers: | 11 25 39 |, [ Zi 151231 ] , 1 -3 9 12 |, 26]
17 39 61 -4 12 16

22. Prove that the system of linear equations

r+2y = 4
r+y = 5
3z +by = 12
is inconsistent and find a least squares solution of the system.
[Answer: z =6, y = —7/6.]
23. The points (0, 0), (1, 0), (2, —1), (3, 4), (4, 8) are required to lie on a

parabola y = a + bz + cz®. Find a least squares solution for a, b, c.
Also prove that no parabola passes through these points.

[Answer: a = $,b=—-2,¢c=1]
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24.

25.

26.

CHAPTER 2. MATRICES
If A is a symmetric n x n real matrix and B is n x m, prove that B*AB
is a symmetric m X m matrix.
If Ais m x n and B is n X m, prove that AB is singular if m > n.

Let A and B be n x n. If A or B is singular, prove that AB is also
singular.



Chapter 3

SUBSPACES

3.1 Introduction

Throughout this chapter, we will be studying F™, the set of n—dimensional
column vectors with components from a field F'. We continue our study
of matrices by considering an important class of subsets of F™ called sub-
spaces. These arise naturally for example, when we solve a system of m
linear homogeneous equations in n unknowns.

We also study the concept of linear dependence of a family of vectors.
This was introduced briefly in Chapter 2, Remark 2.5.4. Other topics dis-
cussed are the row space, column space and null space of a matrix over F,
the dimension of a subspace, particular examples of the latter being the rank
and nullity of a matrix.

3.2 Subspaces of I

DEFINITION 3.2.1 A subset S of F" is called a subspace of F" if
1. The zero vector belongs to S; (that is, 0 € S);

2. Ifu e Sand v €S, then u+v € S; (S is said to be closed under
vector addition);

3. Ilfue SandteF, then tu € S; (S is said to be closed under scalar
multiplication).

EXAMPLE 3.2.1 Let A € My,xn(F). Then the set of vectors X € F"
satisfying AX = 0 is a subspace of F™ called the null space of A and is
denoted here by N(A). (It is sometimes called the solution space of A.)

55
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Proof. (1) A0 =0,s00 € N(A); (2) If X, Y € N(A), then AX = 0 and
AY =0,80 A(X +Y)=AX+AY =0+0=0andso X +Y € N(4); (3)
If X e N(A) and t € F, then A(tX) =t(AX)=1t0=0,s0otX € N(A).

10

01 ], then N(A) = {0}, the set consisting of

For example, if A = [

1 2

just the zero vector. If A = [ 9 4

], then N(A) is the set of all scalar
multiples of [—2, 1]°.

EXAMPLE 3.2.2 Let Xq,...,X,, € F". Then the set consisting of all
linear combinations z1 X1 + - -+ + ; Xm, Where x1,...,x,,, € F, is a sub-
space of F™. This subspace is called the subspace spanned or generated by
X1,..., X and is denoted here by (Xi,...,X,,). We also call X1,...,X,,
a spanning family for S = (Xy,..., X;).

Proof. (1) 0 = 0X; + -+ + 0Xpm, 50 0 € (X1,...,Xm); (2) If X, Y €
(X1,..., Xm), then X =21 X1+ -+ 2, Xnand Y =1 X1 + -+ + ym X,
SO

X+Y = (@Xi+ - +2nXn) + (0Xs+ -+ ymXm)
= ($1+y1)X1—|—+(ﬂ§m+ym)Xm€<X1,,Xm>

(3)If X € (X1,...,X,n) and t € F, then

X = o1 Xi+ - 4+z,Xnm
tX = t(:Cle + -+ {L‘me)
= () X1+ + (Eo) X € (X1, .., X

For example, if A € M, «n(F'), the subspace generated by the columns of A
is an important subspace of F" and is called the column space of A. The
column space of A is denoted here by C(A). Also the subspace generated
by the rows of A is a subspace of F™ and is called the row space of A and is
denoted by R(A).

EXAMPLE 3.2.3 For example F" = (Fy,..., E,), where E,..., E, are
the n—dimensional unit vectors. For if X = [z1,...,2,]' € F", then X =
B+ ap By

EXAMPLE 3.2.4 Find a spanning family for the subspace S of R? defined
by the equation 2x — 3y + 5z = 0.
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Solution. (S is in fact the null space of [2, —3, 5], so S is indeed a subspace
of R3.)
If [z, y, 2]' € S, then x = %y — %z. Then

3 5 3 5
x 2Y — 2% 2 2
y | = Y =yl 1 ]|+=2 0
z z 0 1
and conversely. Hence [%, 1, 0]" and [—32, 0, 1]* form a spanning family for

S.

The following result is easy to prove:

LEMMA 3.2.1 Suppose each of Xi,...,X, is a linear combination of
Yi1,...,Ys. Then any linear combination of Xi,..., X, is a linear combi-
nation of Yi,...,Ys.

As a corollary we have

THEOREM 3.2.1 Subspaces (Xi,...,X,) and (Y7,...,Ys) are equal if
each of X1, ..., X, is a linear combination of Y7, ..., Y; and each of Y7,...,Y}
is a linear combination of X,...,X,.

COROLLARY 3.2.1 (Xy,...,X,, Z1,...,7Z) and (X1, ..., X,) are equal
if each of Z1,...,Z; is a linear combination of X1,..., X,.

EXAMPLE 3.2.5 If X and Y are vectors in R", then
(X, V)=(X+Y, X-Y).

Solution. Each of X +Y and X — Y is a linear combination of X and Y.
Also

X:%(X+Y)+ (X—Y) and Y = S(X4Y)— (X - V),

1 1 1
2 2 2
so each of X and Y is a linear combination of X +Y and X — Y.
There is an important application of Theorem 3.2.1 to row equivalent
matrices (see Definition 1.2.4):

THEOREM 3.2.2 If A is row equivalent to B, then R(A) = R(B).

Proof. Suppose that B is obtained from A by a sequence of elementary row
operations. Then it is easy to see that each row of B is a linear combination
of the rows of A. But A can be obtained from B by a sequence of elementary
operations, so each row of A is a linear combination of the rows of B. Hence
by Theorem 3.2.1, R(A) = R(B).
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REMARK 3.2.1 If A is row equivalent to B, it is not always true that
C(A) =C(B).

11 11

1 1 00
reduced row—echelon form of A. However we see that

C(A):<[H’[”>:<[”>

and similarly C(B) = < [ (1] } >
c 1

Consequently C(A) # C(B), as { . } € C(A) but [ X ] ¢ C(B).

For example, if A = ] and B = [ ], then B is in fact the

3.3 Linear dependence

We now recall the definition of linear dependence and independence of a
family of vectors in F™ given in Chapter 2.

DEFINITION 3.3.1 Vectors Xi,...,X,, in F™ are said to be linearly
dependent if there exist scalars x1, ..., x;,, not all zero, such that

1 X1+ -+ Xn =0.

In other words, X1, ..., X,, are linearly dependent if some X; is expressible
as a linear combination of the remaining vectors.

X1,..., X, are called linearly independent if they are not linearly depen-
dent. Hence X1, ..., X,, are linearly independent if and only if the equation

21 X1+t r,Xm =0
has only the trivial solution 1 =0, ..., 2, = 0.

EXAMPLE 3.3.1 The following three vectors in R?

1 ~1 -1
Xi=|2|, Xo=| 1|, X3=1| 7
3 2 12

are linearly dependent, as 2X; + 3Xs 4 (—1)X3 = 0.
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REMARK 3.3.1 If X;,...,X,, are linearly independent and
21 X1+ 2 X = Xa + o+ Yy X,
then 1 = y1,...,Tm = ym. For the equation can be rewritten as
(1 —y)Xai+ -+ (Tm — Ym) Xm =0
andsox; —y1=0,...,2pm —ym = 0.
THEOREM 3.3.1 A family of m vectors in F™ will be linearly dependent

if m > n. Equivalently, any linearly independent family of m vectors in F™
must satisfy m <mn.

Proof. The equation x1 X1+ - -+x,, X, = 0 is equivalent to n homogeneous
equations in m unknowns. By Theorem 1.5.1, such a system has a non-—
trivial solution if m > n.

The following theorem is an important generalization of the last result
and is left as an exercise for the interested student:

THEOREM 3.3.2 A family of s vectors in (Xq,...,X,) will be linearly
dependent if s > r. Equivalently, a linearly independent family of s vectors
in (Xi,...,X,) must have s < r.

Here is a useful criterion for linear independence which is sometimes
called the left—to—right test:
THEOREM 3.3.3 Vectors Xj,..., X, in F" are linearly independent if
(a) X1 #0;
(b) For each k with 1 < k < m, Xj is not a linear combination of
X, o0, X1,
One application of this criterion is the following result:

THEOREM 3.3.4 Every subspace S of F™ can be represented in the form
S =(X1,...,Xm), where m < n.

Proof. If S = {0}, there is nothing to prove — we take X; =0 and m = 1.
So we assume S contains a non—zero vector Xi; then (X;) C S as S'is a

subspace. If S = (X;), we are finished. If not, S will contain a vector X,

not a linear combination of Xi; then (X;, X2) C S as S is a subspace. If
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S = (Xj, X2), we are finished. If not, S will contain a vector X3 which is
not a linear combination of X7 and Xs. This process must eventually stop,
for at stage k we have constructed a family of k linearly independent vectors
X1,..., Xk, all lying in F™ and hence k£ < n.

There is an important relationship between the columns of A and B, if
A is row—equivalent to B.

THEOREM 3.3.5 Suppose that A is row equivalent to B and let ¢1, ..., ¢,
be distinct integers satisfying 1 < ¢; < n. Then

(a) Columns A,.,,..., A, of A are linearly dependent if and only if the
corresponding columns of B are linearly dependent; indeed more is
true:

X1 Ase; + -+ TrAse, =05 1By, + - + 2, By, = 0.

(b) Columns A,c,, ..., Ax, of A are linearly independent if and only if the
corresponding columns of B are linearly independent.

(c) If 1 < ¢py1 < mand ¢4 is distinet from ¢y, ..., ¢, then

Aserir = 21Aue + -+ 20 Ase, © Bicpyy = 21Bse; + - + 2By,

Proof. First observe that if Y = [y1,...,y]' is an n—dimensional column
vector and A is m x n, then

AY = y1 A1 + - + ynAsn.

Also AY =0 < BY =0, if B is row equivalent to A. Then (a) follows by
taking y; = x; if i = ¢; and y; = 0 otherwise.
(b) is logically equivalent to (a), while (c) follows from (a) as

Aserrr = 214w+ + 20 Ase,
& 21hse, + o+ 2 Ase, + (1) Ase, =0
& 21Bye; + -+ + 2 Buc, + (1) By, =0
= B*Cr+1 = ZlB*cl + -+ Z’I’B*Cr'

EXAMPLE 3.3.2 The matrix
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has reduced row—echelon form equal to

10 2 0 -1
B=|013 0 2
0001 3

We notice that B.1, By and B,y are linearly independent and hence so are
Ay, Ao and A,y Also

B*3 - 2B*1 + 3B*2
B*S - (_1)B*1 + 2B>k2 + 3B*47

so consequently

Az = 244 +3A0
A*S = (_1)A*1 + 2A*2 + 314*4

3.4 Basis of a subspace

We now come to the important concept of basis of a vector subspace.

DEFINITION 3.4.1 Vectors Xq,...,X,, belonging to a subspace S are
said to form a basis of S if

(a) Every vector in S is a linear combination of Xi,..., X;;
(b) Xi,..., X, are linearly independent.

Note that (a) is equivalent to the statement that S = (Xi,...,X,,) as we
automatically have (X1,...,X,,) € S. Also, in view of Remark 3.3.1 above,
(a) and (b) are equivalent to the statement that every vector in S is uniquely
expressible as a linear combination of X,..., X,,.

EXAMPLE 3.4.1 The unit vectors F1, ..., E, form a basis for F".

REMARK 3.4.1 The subspace {0}, consisting of the zero vector alone,
does not have a basis. For every vector in a linearly independent family
must necessarily be non—zero. (For example, if X; = 0, then we have the
non-trivial linear relation

1X1 +0Xo+---4+0X,,, =0

and X1,...,X,, would be linearly dependent.)
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However if we exclude this case, every other subspace of F™ has a basis:

THEOREM 3.4.1 A subspace of the form (Xi,..., X,,), where at least
one of Xi,...,X,, is non—zero, has a basis X.,,...,X,, where 1 < ¢; <
o< e <M.

Proof. (The left—to—right algorithm). Let c1 be the least index k for which
X}, is non—zero. If ¢ = m or if all the vectors X with k > ¢ are linear
combinations of X, terminate the algorithm and let » = 1. Otherwise let
c2 be the least integer k > ¢; such that X is not a linear combination of
Xey-

If ¢ = m or if all the vectors X} with & > ¢y are linear combinations
of X., and X,,, terminate the algorithm and let r = 2. Eventually the
algorithm will terminate at the r—th stage, either because ¢, = m, or because
all vectors X}, with k > ¢, are linear combinations of X, ,..., X, .

Then it is clear by the construction of X.,, ..., X,,, using Corollary 3.2.1
that

(a) (Xepyooos Xe) = (X1, .., Xin);

(b) the vectors X,,...,X,, are linearly independent by the left—to-right
test.

Consequently X.,,...,X,, form a basis (called the left-to-right basis) for
the subspace (X1,..., X,,).

EXAMPLE 3.4.2 Let X and Y be linearly independent vectors in R".
Then the subspace (0, 2X, X, =Y, X +Y) has left—to—right basis consisting
of 2X, —-Y.

A subspace S will in general have more than one basis. For example, any
permutation of the vectors in a basis will yield another basis. Given one
particular basis, one can determine all bases for S using a simple formula.
This is left as one of the problems at the end of this chapter.

We settle for the following important fact about bases:

THEOREM 3.4.2 Any two bases for a subspace S must contain the same
number of elements.

Proof. For if Xi,...,X, and Y7,...,Y; are bases for S, then Y7,...,Y}
form a linearly independent family in S = (X1,..., X,) and hence s < r by
Theorem 3.3.2. Similarly » < s and hence r = s.
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DEFINITION 3.4.2 This number is called the dimension of S and is
written dim S. Naturally we define dim {0} = 0.

It follows from Theorem 3.3.1 that for any subspace S of F'™, we must have
dim S < n.

EXAMPLE 3.4.3 If E4,..., E, denote the n—dimensional unit vectors in
F", then dim (Ey,...,E;) =ifor 1 <i<n.

The following result gives a useful way of exhibiting a basis.

THEOREM 3.4.3 A linearly independent family of m vectors in a sub-
space S, with dim S = m, must be a basis for S.

Proof. Let Xi,...,X,, be a linearly independent family of vectors in a
subspace S, where dim .S = m. We have to show that every vector X € S is
expressible as a linear combination of X1, ..., X,,. We consider the following
family of vectors in S: Xi,...,X,,, X. This family contains m + 1 elements
and is consequently linearly dependent by Theorem 3.3.2. Hence we have

11 X1+ -+ 2 Xm +xma X =0, (3.1)
where not all of z1,...,xy41 are zero. Now if x,,4+1 = 0, we would have

1 X1+ + T X;m =0,

with not all of x1, . .., 2, zero, contradicting the assumption that Xy ..., X,
are linearly independent. Hence x,,11 # 0 and we can use equation 3.1 to
express X as a linear combination of Xy, ..., X;y,:
—X1 —X
X = X1+ +—"X,,.
Tm+1 Tm+1

3.5 Rank and nullity of a matrix

We can now define three important integers associated with a matrix.
DEFINITION 3.5.1 Let A € M,xn(F'). Then

(a) column rank A =dim C'(A);

(b) row rank A =dim R(A);

(c) nullity A =dim N(A).
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We will now see that the reduced row—echelon form B of a matrix A allows
us to exhibit bases for the row space, column space and null space of A.
Moreover, an examination of the number of elements in each of these bases
will immediately result in the following theorem:

THEOREM 3.5.1 Let A € M,,5n(F). Then
(a) column rank A =row rank A;
(b) column rank A+ nullity A = n.

Finding a basis for R(A): The r non-zero rows of B form a basis for R(A)
and hence row rank A = r.
For we have seen earlier that R(A) = R(B). Also

R(B) = <B1*a"-aBm*>
— (Bus..., By, 0...,0)
— (Bu,...,Bn).

The linear independence of the non—zero rows of B is proved as follows: Let
the leading entries of rows 1,...,r of B occur in columns ¢y, ..., ¢.. Suppose
that

r1Bis+ -+ 2B = 0.

Then equating components ci, .. ., ¢, of both sides of the last equation, gives
x1 =0,...,2, = 0, in view of the fact that B is in reduced row— echelon
form.

Finding a basis for C(A): The r columns A, ,..., A, form a basis for
C(A) and hence column rank A = r. For it is clear that columns ¢y, ..., ¢,
of B form the left—to-right basis for C'(B) and consequently from parts (b)
and (c) of Theorem 3.3.5, it follows that columns ¢y, ..., ¢, of A form the
left—to-right basis for C'(A).

Finding a basis for N(A): For notational simplicity, let us suppose that ¢; =
1,...,¢, =r. Then B has the form

[ 1 0 0 blr-i—l bln

0 1 -+ 0 boypgr - bay

B = o0 ---1 brr+1 v b

00 0 0 e 0
00 0 0 0
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Then N(B) and hence N(A) are determined by the equations

r1 = (=bir1)Trg1 + -+ (=bin)Tn
Ty = (_brr—i-l)xr—&—l + -+ <_brn>$n7
where x,41, ..., %, are arbitrary elements of F'. Hence the general vector X

in N(A) is given by

T [ —birp1 —bn
Ly _ —brr41 . —brn
Tri = Tr41 1 + + Tn 0 (32)
| Tn | 0 1]

= T Xi+ -+ X

Hence N(A) is spanned by Xy,..., X,,_, a8 Zy41, ..., T, are arbitrary. Also
X1,...,X,_, are linearly independent. For equating the right hand side of
equation 3.2 to 0 and then equating components r + 1,...,n of both sides
of the resulting equation, gives z,41 =0,...,2, = 0.

Consequently X7,..., X,,_, form a basis for N(A).

Theorem 3.5.1 now follows. For we have

row rank A = dimR(A)=r
column rank A = dimC(A) =r.

Hence
row rank A = column rank A.

Also
column rank A 4+ nullity A = r + dim N(A) =r+ (n —7r) = n.

DEFINITION 3.5.2 The common value of column rank A and row rank A
is called the rank of A and is denoted by rank A.

EXAMPLE 3.5.1 Given that the reduced row—echelon form of
1 1 5 1 4
A=|2 -1 1 2 2
3 0 6 0 —3
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equal to
10 2 0 -1
B=]0130 2],
0 00 1 3

find bases for R(A), C(A) and N(A).

Solution. [1, 0, 2, 0, —1], [0, 1, 3, 0, 2] and [0, 0, 0, 1, 3] form a basis for
R(A). Also

1 1 1
Aa=|2|, Aw=1] -1 |, Au=12
3 0 0

form a basis for C(A).
Finally N(A) is given by

€1 —2x3 + x5 —2 1
) —3133 — 2135 -3 —2
x3 | = 3 =13 1| +as 0 | = 23X + 25X0,
T4 —3x5 0 -3
Is5 T5 0 1

where 3 and x5 are arbitrary. Hence X; and X, form a basis for N(A).
Here rank A = 3 and nullity A = 2.

1 2
2 4

1 2

EXAMPLE 3.5.2 Let A = [ 0 0

} . Then B = [ } is the reduced

row—echelon form of A.

Hence [1, 2] is a basis for R(A) and [ 5

is given by the equation x1 = —2x9, where x5 is arbitrary. Then
IR R iy
= = :[;2
T2 T2 1
-2 |. .
and hence { ) ] is a basis for N(A).

Here rank A = 1 and nullity A = 1.

1 2
3 4

L } is a basis for C(A). Also N(A)

EXAMPLE 3.5.3 Let A = [ } Then B = [ 10 } is the reduced

01
row—echelon form of A.

Hence [1, 0], [0, 1] form a basis for R(A) while [1, 3], [2, 4] form a basis
for C(A). Also N(A) = {0}.

Here rank A = 2 and nullity A = 0.
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We conclude this introduction to vector spaces with a result of great
theoretical importance.

THEOREM 3.5.2 Every linearly independent family of vectors in a sub-
space S can be extended to a basis of S.

Proof. Suppose S has basis Xq,...,X,, and that Y7,...,Y, is a linearly
independent family of vectors in S. Then

S = (X1, Xn) = (Yi,oo o, Yoy X1y, X,

as each of Y7,...,Y, is a linear combination of X1,..., X,,.
Then applying the left—to—right algorithm to the second spanning family
for S will yield a basis for S which includes Y1, ..., Y.

3.6 PROBLEMS

1. Which of the following subsets of R? are subspaces?

x, y] satisfying x = 2y;
x, y] satisfying x = 2y and 2z = y;

) [z, y]
) [z, 9]
(¢) [z, y] satisfying x = 2y + 1;
) [z, y] satisfying zy = 0;
) [z, y] satisfying z > 0 and y > 0.
[Answer: (a) and (b).]
2. If X, Y, Z are vectors in R", prove that

(XY, Z)=(X+Y, X+ 2, Y + 2).

3. Determine if X7 = , Xo = and X3 = are linearly

N = O =
W = =

0
1
1
2
independent in R*.

4. For which real numbers X are the following vectors linearly independent
in R3?
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10.

11.

12.
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. Find bases for the row, column and null spaces of the following matrix

over Q:

1 1
2 3
0 3

o O N
S Ot N
O~ O O

1

—_
—_
Nej
—

1

. Find bases for the row, column and null spaces of the following matrix

over Zsg:

N
Il
S = O =

1
0
1
1

O~ = O
=== O
OO = =

. Find bases for the row, column and null spaces of the following matrix

over Zs:

W o N
OO = =
N O =N
N = ]
W w w
N O N W

. Find bases for the row, column and null spaces of the matrix A defined

in section 1.6, Problem 17. (Note: In this question, F' is a field of four
elements.)

If Xq,..., X, form a basis for a subspace S, prove that

Xl) X1+X27"'>X1+"'+Xm

also form a basis for S.

a b ¢

LetA—[1 11

rank A = 2.

} Classify a, b, ¢ such that (a) rank A = 1; (b)

[Answer: (a) a = b = ¢; (b) at least two of a, b, ¢ are distinct.]

Let S be a subspace of F™ with dim S =m. If Xq,..., X,, are vectors
in S with the property that S = (Xy,..., X,,), prove that X; ..., X,
form a basis for S.

Find a basis for the subspace S of R? defined by the equation

r+2y+32=0.
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13.

14.

15.

16.
17.

18.

19.
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Verify that Y; = [~1, —1, 1]t € S and find a basis for S which includes
Y;.

Let Xy,..., X, be vectors in F". If X; = X, where ¢ < j, prove that
X1,...X,, are linearly dependent.

Let X1,..., X;m+1 be vectors in F™. Prove that
dim (X1, ..., Xpmt+1) = dim (X5, ..., X;n)
if X141 is a linear combination of X1,..., X, but
dim (Xq,..., Xp41) =dim (Xy,..., X)) + 1

if X141 is not a linear combination of X7, ..., X;,.

Deduce that the system of linear equations AX = B is consistent, if
and only if
rank [A|B] = rank A.

Let aq,...,a, be elements of F', not all zero. Prove that the set of
vectors [x1,...,x,]" where xq,. .., x, satisfy

a1+ -+ apzn, =0
is a subspace of F™ with dimension equal to n — 1.
Prove Lemma 3.2.1, Theorem 3.2.1, Corollary 3.2.1 and Theorem 3.3.2.
Let R and S be subspaces of F'", with R C S. Prove that
dim R < dim S

and that equality implies R = S. (This is a very useful way of proving
equality of subspaces.)

Let R and S be subspaces of F™. If RU S is a subspace of F™, prove
that RC Sor S C R.

Let X1,..., X, be a basis for a subspace S. Prove that all bases for S
are given by the family Y7,...,Y,, where

,
Yi=>ai;X;,
Jj=1

and where A = [a;j] € M,«,(F') is a non-singular matrix.
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Chapter 4

DETERMINANTS

DEFINITION 4.0.1 If A = { ZH 212 ], we define the determinant of
21 @22

A, (also denoted by det A,) to be the scalar
det A = aj1a92 — a12a9].

aip a2
a21 a2

The notation is also used for the determinant of A.

If A is a real matrix, there is a geometrical interpretation of det A. If

P = (21, 11) and @ = (x2, y2) are points in the plane, forming a triangle

with the origin O = (0, 0), then apart from sign, % ‘ ;1 Zl ‘ is the area
2 Y2

of the triangle OP(Q. For, using polar coordinates, let 1 = rjcosf; and

y1 = r1sin 61, where r; = OP and 6, is the angle made by the ray OP with
the positive z—axis. Then triangle OPQ has area %OP - OQ sin «, where
a = ZP0OQ. If triangle OPQ has anti—clockwise orientation, then the ray

@ makes angle 02 = 0; + a with the positive xz—axis. (See Figure 4.1.)

Also x9 = rocosfy and yo = rosinfy. Hence

AreaOPQ = %OP -0Q sin«

= %OP . OQ sin (92 — 91)

1
= iOP - O0Q(sin O3 cos B — cos By sin b))

1
= 5(0@ sin 03 - OP cos 61 — OQ) cos sy - OP sin 67)

71
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01

@

Figure 4.1: Area of triangle OPQ.

1
= 5@21‘1—332.01)
I N 1

2| x2 Yo

Similarly, if triangle OP(@Q has clockwise orientation, then its area equals
1T W0

2| z2 Yo
For a general triangle P P,Ps, with P; = (x;, y;), 1 = 1, 2, 3, we can
take P; as the origin. Then the above formula gives

1

2

T2 — X1 Y2 — Y1
T3 — %1 Y3 — U

T2 —T1 Y2 — U1
T3 — 21 Y3 — U1

or

1
2

according as vertices P, P, P3 are anti—clockwise or clockwise oriented.

We now give a recursive definition of the determinant of an n x n matrix
A= [aij], n > 3.

DEFINITION 4.0.2 (Minor) Let M;;(A) (or simply M;; if there is no
ambiguity) denote the determinant of the (n — 1) x (n — 1) submatrix of A
formed by deleting the i—th row and j—th column of A. (M;;(A) is called
the (i, j) minor of A.)

Assume that the determinant function has been defined for matrices of
size (n—1) x (n—1). Then det A is defined by the so—called first-row Laplace
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expansion:

detA = allMll(A) - a12M12(A) +...+ (—1)1+nM1n(A)

n

= Z(—1)1+ja1jM1j(A).

j=1
For example, if A = [a;;] is a 3 x 3 matrix, the Laplace expansion gives

det A = CLHMH(A) — alngg(A) + a13M13(A)

aze @23 azr a3 azr a2
aszz @33 aszr ass asr as2
= ay1(a22a33 — azzaze) — a12(az1a3z — agza31) + aiz(aazr — azeas;)

= (11022033 — (11023032 — 012021033 + 012023031 + 013021032 — 13022031

= a11 — a12 + ais

The recursive definition also works for 2 x 2 determinants, if we define the
determinant of a 1 x 1 matrix [t] to be the scalar t:

det A = a1 Mi1(A) — a12Mi2(A) = arnaz — a12a21.

EXAMPLE 4.0.1 If P P,P;s is a triangle with P; = (x4, v;), ¢ = 1, 2, 3,
then the area of triangle P; P, Py is

1:c1y11 1551?/11
| w2 y2 1 or ——-lxy y2 1],
2

3 y3 1 r3 ysz 1

according as the orientation of Py P, Ps is anti—clockwise or clockwise.

For from the definition of 3 x 3 determinants, we have

N ! 1 y2 1 T2 T2 Y2
5| T2 V2 1 = 5\ 1 vs 1 - P -
r3 ysz 1
_ lw—z o p-un
2| z3—21 Ys— U1

One property of determinants that follows immediately from the defini-
tion is the following:

THEOREM 4.0.1 If a row of a matrix is zero, then the value of the de-
terminant is zero.
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(The corresponding result for columns also holds, but here a simple proof
by induction is needed.)

One of the simplest determinants to evaluate is that of a lower triangular
matrix.

THEOREM 4.0.2 Let A = [a;;], where a;; = 0 if i < j. Then
det A = a11a9 ...0anpn. (4.1)

An important special case is when A is a diagonal matrix.
If A =diag(ai,...,a,) then det A =a; ...ay,. In particular, for a scalar
matrix t1,,, we have det (tI,) = t".

Proof. Use induction on the size n of the matrix.

The result is true for n = 2. Now let n > 2 and assume the result true
for matrices of size n — 1. If A is n X n, then expanding det A along row 1
gives

a9 0 PN 0

azz  ass 0
detA = all .

Anl Ap2 ... Qpp

= a11<a22 e ann)

by the induction hypothesis.

If A is upper triangular, equation 4.1 remains true and the proof is again
an exercise in induction, with the slight difference that the column version
of theorem 4.0.1 is needed.

REMARK 4.0.1 It can be shown that the expanded form of the determi-
nant of an n x n matrix A consists of n! signed products £a1;, a2, - . . ani,,
where (i1, i2,..., i) is a permutation of (1, 2, ..., n), the sign being 1 or
—1, according as the number of inversions of (i1, io, ..., i) is even or odd.
An inversion occurs when i, > is but r < s. (The proof is not easy and is
omitted.)

The definition of the determinant of an n x n matrix was given in terms
of the first—row expansion. The next theorem says that we can expand
the determinant along any row or column. (The proof is not easy and is
omitted.)
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THEOREM 4.0.3

det A = Z 1) a;; M;;(A)
for i =1,...,n (the so—called i—th row expansion) and

det A = Z Hag Mi(A)

for j =1, ...,n (the so—called j—th column expansion).

REMARK 4.0.2 The expression (—1)"*7 obeys the chess-board pattern
of signs:

The following theorems can be proved by straightforward inductions on
the size of the matrix:

THEOREM 4.0.4 A matrix and its transpose have equal determinants;
that is

det A = det A.

THEOREM 4.0.5 If two rows of a matrix are equal, the determinant is
zero. Similarly for columns.

THEOREM 4.0.6 If two rows of a matrix are interchanged, the determi-
nant changes sign.

EXAMPLE 4.0.2 If P, = (z1, y1) and P, = (x2, y2) are distinct points,
then the line through P, and P, has equation

r y 1
r1 Y1 1 =0.
x2 y2 1
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For, expanding the determinant along row 1, the equation becomes
axr +by+c=0,

where

Z

T2

y1 1
a =
’ y2 1

‘:yl—ygandb:— ‘:l‘z—ltl.

This represents a line, as not both a and b can be zero. Also this line passes
through P;, ¢ = 1, 2. For the determinant has its first and i—th rows equal
if £ = z; and y = y; and is consequently zero.

There is a corresponding formula in three-dimensional geometry. If
Py, P,, P3 are non—collinear points in three—dimensional space, with P, =
(i, i, i), 1 = 1, 2, 3, then the equation

r y =z 1
vy oz b 0
T2 Y2 22 1
T3 Y3 z3 1

represents the plane through P;, P>, P3. For, expanding the determinant
along row 1, the equation becomes ax + by 4+ ¢z + d = 0, where

yioz 1 1 2 1 r1 oy 1
a=|y2 2z 1|, b=—|x3 220 1|, c=|m2 yo 1
ys 23 1 r3 z3 1 r3 ys 1

As we shall see in chapter 6, this represents a plane if at least one of a, b, ¢
is non—zero. However, apart from sign and a factor %, the determinant
expressions for a, b, ¢ give the values of the areas of projections of triangle
PP, Ps on the (y, 2z), (z, z) and (z, y) planes, respectively. Geometrically,
it is then clear that at least one of a, b, ¢ is non—zero. It is also possible to
give an algebraic proof of this fact.

Finally, the plane passes through P;, ¢ = 1, 2, 3 as the determinant has
its first and i—th rows equal if © = x;, y = y;, 2 = 2; and is consequently
zero. We now work towards proving that a matrix is non—singular if its
determinant is non—zero.

DEFINITION 4.0.3 (Cofactor) The (i, j) cofactor of A, denoted by
Ci;j(A) (or Cyj if there is no ambiguity) is defined by

Cij(A) = (=1 My;(A).
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REMARK 4.0.3 It is important to notice that C;;(A), like M;;(A), does
not depend on a;;. Use will be made of this observation presently.

In terms of the cofactor notation, Theorem 4.0.3 takes the form
THEOREM 4.0.7

det A = ZaijC’ij(A)
j=1
fori=1,...,n and
det A = ZCIZJCU(A)
=1
forj=1,...,n.

Another result involving cofactors is

THEOREM 4.0.8 Let A be an n X n matrix. Then
(@) Y ayCri(A)=0 ifi#k
j=1

Also .
0) Y ayCu(A) =0 ifj#k.
=1

Proof.

If Aisnxn and i # k, let B be the matrix obtained from A by replacing
row k by row i. Then det B = 0 as B has two identical rows.

Now expand det B along row k. We get

0O=detB = Y b;Ci;(B)
j=1

= ) aiCri(A),
=1

in view of Remark 4.0.3.
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DEFINITION 4.0.4 (Adjoint) If A = [a;;] is an n X n matrix, the ad-
joint of A, denoted by adj A, is the transpose of the matrix of cofactors.
Hence

Cni Cu -+ Cu
adi A — 0'12 Co - szz
Cln CQn e Cnn

Theorems 4.0.7 and 4.0.8 may be combined to give
THEOREM 4.0.9 Let A be an n X n matrix. Then

A(adj A) = (det A)I,, = (adj A) A.

Proof.

(A adj A)zk = Z aij(adj A)]k
7j=1

= > aiCri(4)
j=1
= 5ikdetA
Hence A(adj A) = (det A)I,,. The other equation is proved similarly.
COROLLARY 4.0.1 (Formula for the inverse) If det A # 0, then A

is non—singular and

At ! adj A.

" det A
EXAMPLE 4.0.3 The matrix
[1 2 3
A=|4 5 6
| 8 8 9
is non—singular. For
5 6 4 6 4 5
det A = ‘8 X —2’8 9’+3'8 8‘
= —3+24-24

—3#£0.
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Also
1_011021031
e —3 Ciz2 Ca C3o
| C13 Cog (33
T 56| |23 2 37
8 9 8 9 5 6
1] |46 13| |13
3 8 9 8 9 4 6
4 5] |12 12
R 8 8 51
[-3 6 -3
- 5| 12 -1 6
s 8 -3

The following theorem is useful for simplifying and numerically evaluating
a determinant. Proofs are obtained by expanding along the corresponding
row or column.

THEOREM 4.0.10 The determinant is a linear function of each row and
column. For example

a1 +ay; aiz+ai, aiz+al, a1l a2 a13 al, aly aly
(a) a1 a2 as3 =| a21 a2 a3 |+ | a1 a2 az23
a3l as2 ass a3l a3z ass a3l a3z ass

tai1  taiz tais ail a2 a3

(b) a1 a2 a3 |=t| a1 a22 a23

a1  azz2  ass as1  as2 as3

COROLLARY 4.0.2 If a multiple of a row is added to another row, the
value of the determinant is unchanged. Similarly for columns.

Proof. We illustrate with a 3 x 3 example, but the proof is really quite
general.

a1l +taz1 a2 +taze aiz +tass ailr @iz ai3 taz1 tazz ta23

az1 az2 a23 =| a21 a22 a23 |+ | a21 a2 a3
asi asz2 ass a3l a32 as3 a3l az2  ass
ailr @iz  ai3 a21 a2 a3 a1l a2 a3

=| a21 a22 a23 |+t| a1 a2 a23 |=| a1 a2z a23 |+txO0
a3l a32 as3 a3l as2 as3 a3l asz2 as3
ailr  ai2  ai3

=| a21 a22 a3 |.
a3l a32 as3
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To evaluate a determinant numerically, it is advisable to reduce the matrix
to row—echelon form, recording any sign changes caused by row interchanges,
together with any factors taken out of a row, as in the following examples.

EXAMPLE 4.0.4 Evaluate the determinant

1 2 3
4 5 6
8 8 9

Solution. Using row operations Ry — Ry — 4R1 and Ry — R3 — 8R; and
then expanding along the first column, gives

1 2 3 1 2 3
4 56| =10 -3 -6 —‘:2_‘1?‘
8 8 9 0 -8 -—15
1 2 1 2
B _3‘ -8 —15 ’__3‘ 0 1 ’__3'
EXAMPLE 4.0.5 Evaluate the determinant
11 2 1
3145
7 6 1 2
1 1 3 4
Solution.
11 21 1 1 2 1
3145 _ 0o -2 =2
7 6 1 2 - 0O -1 —-13 -5
1 1 3 4 0 0 1 3
1 1 2 1
_ 9 0 1 1 -1
o 0 -1 —-13 -5
0 0 1 3
1 1 2 1
_ 01 1 -1
- 00 —-12 -6
0 0 1 3
11 2 1
_ 01 1 -1
0 0 1 3
0 0 —-12 -6
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3 = 60.

30

OO O =
OO =
O = N

EXAMPLE 4.0.6 (Vandermonde determinant) Prove that

1 1 1
a b ¢ |=(0b-a)(c—a)(c—D>).
a2 v

Solution. Subtracting column 1 from columns 2 and 3 , then expanding
along row 1, gives

1 1 1 1 0 0
a b ¢ = a b—a c—a
a2 2 2 2 B—a? A2 — a2

b—a c—a
b2 —a? 2 — a2

1 1

= (b-a)lc-qa) b+a cH+a

=(b—a)(c—a)(c—0).

REMARK 4.0.4 From theorems 4.0.6, 4.0.10 and corollary 4.0.2, we de-
duce

(a) det (E;;A) = —det A,
(b) det (E;(t)A) =tdet A, if t # 0,
(c) det (E;j(t)A) =det A.

It follows that if A is row—equivalent to B, then det B = cdet A, where ¢ # 0.
Hence det B #£ 0 < det A # 0 and det B = 0 < det A = 0. Consequently
from theorem 2.5.8 and remark 2.5.7, we have the following important result:

THEOREM 4.0.11 Let A be an n X n matrix. Then
(i) A is non-singular if and only if det A # 0;
(ii) A is singular if and only if det A = 0;

(iii) the homogeneous system AX = 0 has a non-trivial solution if and
only if det A = 0.
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EXAMPLE 4.0.7 Find the rational numbers a for which the following
homogeneous system has a non-trivial solution and solve the system for
these values of a:

T—2y+3z =
ar +3y+2z =
bz +y+az =

Solution. The coefficient determinant of the system is

1 -2 3 1 -2 3
A=|a 3 2| = |0 34+2a 2—3a
6 1 a 0 13 a—18
B 34+2a 2-3a
N 13 a-—18
(3 + 2a)(a — 18) — 13(2 — 3a)
= 2a%>+6a —80 =2(a +8)(a —5).
So A =0« a=—8or a=>5 and these values of a are the only values for
which the given homogeneous system has a non—trivial solution.
If a = =8, the coefficient matrix has reduced row—echelon form equal to
1 0 —1
01 -2
00 O

and so the complete solution is x = z, y = 2z, with z arbitrary. If a = 5,
the coefficient matrix has reduced row—echelon form equal to

10 1
01 —1
00 O
and so the complete solution is x = —z, y = 2z, with z arbitrary.

EXAMPLE 4.0.8 Find the values of ¢ for which the following system is
consistent and solve the system in each case:

r+y = 1

te+y = ¢
1+t)z+2y = 3.
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Solution. Suppose that the given system has a solution (zg, yp). Then the
following homogeneous system

z+y+z = 0
tr+y+tz = 0
1+t)z+2y+3z = 0

will have a non—trivial solution

T = X, Y = Yo, z= -1
Hence the coefficient determinant A is zero. However
1 0 0

t 1-t 0
1+t 1—-t 2-—t

_' 1—-t 0

1 1
to1 ot ‘:(14)(24).
5 3 1—-t 2—t

Hence t =1 or t =2. If t =1, the given system becomes

z+y = 1
r+y =
2042y = 3

which is clearly inconsistent. If ¢t = 2, the given system becomes

r+y =
2v+y =
3z +2y =

which has the unique solution r =1, y = 0.

To finish this section, we present an old (1750) method of solving a
system of n equations in n unknowns called Cramer’s rule . The method is
not used in practice. However it has a theoretical use as it reveals explicitly
how the solution depends on the coefficients of the augmented matrix.

THEOREM 4.0.12 (Cramer’s rule) The system of n linear equations
in n unknowns xi,...,x,

a11x1 + ajpre + -+ apxT, = by

a91T1 + agoxo + -+ + AT, = bo

Ap1%1 + Ap2T2 + -+ Appy, = by
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has a unique solution if A = det [a;;] # 0, namely

Ay Ay Ap
T1=—,Toa=——,...,Tp = ——
1 A 5 L2 A ) yLn A )
where A; is the determinant of the matrix formed by replacing the i—th
column of the coefficient matrix A by the entries by, bo, ..., by.

Proof. Suppose the coefficient determinant A # 0. Then by corollary 4.0.1,
A~ exists and is given by A7 = % adj A and the system has the unique
solution

1 b1 Cn Cy - Cm b1

T2 | b2 1| Ciz2 Cop -+ Chpo by
= A = —

: : A : : :

Tn bn Cln CQn e Cnn bn

[ 01C11 + b2Co1 + ...+ b, Cia
1 | 02012 +b2Co0 + ... + b, Ch2
E .

L b,C1n + b2Con + ... + 0,Crn

However the i—th component of the last vector is the expansion of A; along
column ¢. Hence

1 Ay Ar/A
T2 1 A Ay /A
3 N I R

Zn A, An/A

4.1 PROBLEMS

1. If the points P; = (x4, yi), i = 1, 2, 3, 4 form a quadrilateral with ver-
tices in anti—clockwise orientation, prove that the area of the quadri-
lateral equals

1

2
(This formula generalizes to a simple polygon and is known as the
Surveyor’s formula.)

xr1 T2
Yy Y2

T2 I3
Y2 Y3

xr3 T4
Ys Y4

T4 I
Ys




4.1.

PROBLEMS

side as the sum of 8 determinants:

a+z b+y c+z a b c
r+u y+v z4w |=2|z y =z
u+a v+b w+Hec U vow

. Prove that

n? (n+1)2 (n+2)?
n+1)?2 (n+2)? (n+3)?|=-8.
(n+2)?2 (n+3)? (n+4)?

. Evaluate the following determinants:

246 427 327 _; ? _Z §
(a) | 1014 543 443 ) R
—342 721 621 4 3 —2 -1

[Answers: (a) —29400000; (b) 900.]

. Compute the inverse of the matrix

1 0 -2
A=13 1 4
5 2 =3

by first computing the adjoint matrix.

—-11 -4 2
[Answer: A™! = 21 29 7 —10 | ]
1 -2 1

6. Prove that the following identities hold:

2a 26 b-c

(i) 2b 20 a+c| = —2(a—-0b)*a+b),
a+b a+b b

b+c b c

(ii) ¢c c+a a = 2a(b® + ).
b a a+b

85

. Prove that the following identity holds by expressing the left—hand
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10.

CHAPTER 4. DETERMINANTS

. Let P, = (x4, yi), 1 = 1, 2, 3. If z1, 9, x3 are distinct, prove that there

is precisely one curve of the form y = ax? + bx + ¢ passing through
Pl, P2 and P3.

. Let

-1
A=

— N =

1
3
k3

Find the values of k for which det A = 0 and hence, or otherwise,

determine the value of k for which the following system has more than
one solution:

rT+y—z =
20+ 3y +kz =
z+ky+3z =

Solve the system for this value of k and determine the solution for
which 22 + 32 + 22 has least value.

[Answer: k =2; x =10/21, y = 13/21, z = 2/21.]

. By considering the coefficient determinant, find all rational numbers a

and b for which the following system has (i) no solutions, (ii) exactly
one solution, (iii) infinitely many solutions:

r—2y+ bz
az + 2z =
5T + 2y =

Solve the system in case (iii).

[Answer: (i) ab = 12 and a # 3, no solution; ab # 12, unique solution;
a = 3, b =4, infinitely many solutions; x = —%z—i— %, Y= gz — %, with
z arbitrary.]

Express the determinant of the matrix

N DN =

N =~ N =

N W N
S
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11.

12.

13.

14.

15.

16.
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as as polynomial in ¢ and hence determine the rational values of ¢ for
which B~! exists.

[Answer: det B = (t —2)(2t —1); t # 2 and t # 3.]
If Ais a 3 x 3 matrix over a field and det A # 0, prove that
(i) det(adjAd) = (detA)?

. - 1 A
(i) (adjA)™! = mA:adJ(A .

Suppose that A is a real 3 x 3 matrix such that A'A = I3.

(i) Prove that AY(A — I3) = —(A — I3)".
(ii) Prove that det A = £1.
(iii) Use (i) to prove that if det A = 1, then det (A — I3) = 0.
If A is a square matrix such that one column is a linear combination of

the remaining columns, prove that det A = 0. Prove that the converse
also holds.

Use Cramer’s rule to solve the system

—2z4+3y—z2z = 1
TH2y—2z =
—2r—-y+z = -3

[Answer: x =2,y =3, z = 4]
Use remark 4.0.4 to deduce that
det Bjj = —1, detE;(t) =t, detE;(t)=1
and use theorem 2.5.8 and induction, to prove that
det (BA) = det Bdet A,

if B is non-singular. Also prove that the formula holds when B is
singular.

Prove that
a+b+c a+b a a
a+b a+b+c a a o
a a a+b_|_c a+b =c (2b+0)(4a+2b+0)

a a a+b at+b+c
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17.

18.

19.

20.

CHAPTER 4. DETERMINANTS

Prove that
1+ u Ul (751 Uy
U2 1+ uo U9 U9
=1+ u; +us + ug + uy.
us U3 1+ usg U3
Uyg Uyg Uy 14+ uy

Let A € Myx,(F). If At = —A, prove that det A = 0 if n is odd and
1+1#0in F.

Prove that

e B B
e
S R =
= =

Express the determinant

1 a®—be a*
1 b2 —ca b
1 2—ab

as the product of one quadratic and four linear factors.

[Answer: (b—a)(c—a)(c—"b)(a+b+c)(b* +bc+ c® + ac+ ab + a?).]



Chapter 5

COMPLEX NUMBERS

5.1 Constructing the complex numbers

One way of introducing the field C of complex numbers is via the arithmetic
of 2 x 2 matrices.

DEFINITION 5.1.1 A complex number is a matrix of the form

r —vy |
y x ]’
where x and y are real numbers.
0] .
Complex numbers of the form [ g . | are scalar matrices and are called

real complex numbers and are denoted by the symbol {z}.
The real complex numbers {z} and {y} are respectively called the real

part and imaginary part of the complex number 33; _i } .

1 0 ] is denoted by the symbol 1.

The complex number [

We have the identities
= (e el e el Y
= {z} +i{y},
a=[9 ][0 )= 2] =t

89
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Complex numbers of the form i{y}, where y is a non—zero real number, are
called imaginary numbers.
If two complex numbers are equal, we can equate their real and imaginary
parts:
{1} +i{yr} = {22} +i{ye} = x1 = 22 and y1 = 9,

if x1, @2, y1, Y2 are real numbers. Noting that {0} + {0} = {0}, gives the
useful special case is

{z}+i{y} ={0} =2 =0and y =0,

if x and y are real numbers.
The sum and product of two real complex numbers are also real complex
numbers:

{z} +{y} ={z+y}, {=Hy}={zy}.

Also, as real complex numbers are scalar matrices, their arithmetic is very
simple. They form a field under the operations of matrix addition and
multiplication. The additive identity is {0}, the additive inverse of {z} is
{—=}, the multiplicative identity is {1} and the multiplicative inverse of {x}
is {z~!}. Consequently

{z} —{y} ={z} + (-{y}) = {2} + {-v} = {z — v},

{95}_ -1 _ 1y _ -1, _ J %
o = o ™) = }—{y}.

It is customary to blur the distinction between the real complex number
{z} and the real number z and write {x} as . Thus we write the complex
number {z} + i{y} simply as x + iy.

More generally, the sum of two complex numbers is a complex number:

(1 +iy1) + (z2 +iy2) = (21 + 22) +i(y1 + v2); (5.1)

and (using the fact that scalar matrices commute with all matrices under
matrix multiplication and {—1}A4 = —A if A is a matrix), the product of
two complex numbers is a complex number:

(z1 +iy1) (@2 +iy2) = x1(z2 + iy2) + (iy1) (22 + 1y2)

= z1@2 + 21 (iy2) + (iy1) 22 + (iy1) (iy2)

= 2129 + iT1Y2 + 120 + P2Y1Y2

= (z172 + {~1}y1y2) + i(T1y2 + Yy172)

= (1122 — y192) + i(T1Y2 + Y122), (5.2)
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The set C of complex numbers forms a field under the operations of
matrix addition and multiplication. The additive identity is 0, the additive
inverse of x + iy is the complex number (—z) + i(—y), the multiplicative
identity is 1 and the multiplicative inverse of the non—zero complex number
x + 1y is the complex number u + v, where

(If z + iy # 0, then x # 0 or y # 0, so 22 + 3% #0.)

From equations 5.1 and 5.2, we observe that addition and multiplication
of complex numbers is performed just as for real numbers, replacing i by
—1, whenever it occurs.

A useful identity satisfied by complex numbers is
r? + 5% = (r +is)(r —is).

This leads to a method of expressing the ratio of two complex numbers in
the form x + iy, where x and y are real complex numbers.

14y (w1 4y (@2 — i)

zo +iya (w2 +iye)(z2 — iy9)
_ (m@2 +yiye) Hi(—T1y2 + Y172)
- 3 + 3 '

The process is known as rationalization of the denominator.

5.2 Calculating with complex numbers

We can now do all the standard linear algebra calculations over the field of
complex numbers — find the reduced row—echelon form of an matrix whose el-
ements are complex numbers, solve systems of linear equations, find inverses
and calculate determinants.

For example, solve the system

(I+d)z+2—-i)w = 24T
7z4+ (8 =2))w = 4—09.
The coeflicient determinant is

14+2 2—1

2 g | = AFDE-20) -T2 -1

= (8—2))+i(B—2)—14+Ti
—4 4 13i #0.
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Hence by Cramer’s rule, there is a unique solution:
24T 2—14
‘ 4—-9; 8—2i
—4 41317
(2+7)(8—2i) — (4—99)(2—1)
—4 4137
28 =2i)+ (7i)(8 —2i) — {(4(2—14) — 9i(2 — 1)}
—4+13¢
16 — 4i + 560 — 14i? — {8 — 44 — 18i + 9i?}
—4 4134

31 + 74i

—4 +13¢

(31 + 743)(—4 — 130)

(—4)% 4132

838 — 699¢

(—4)%2 4+ 132

838 699 .

185 185

—698 229

d similarl = —4+ —i.
and similarly w 135 +185z

An important property enjoyed by complex numbers is that every com-
plex number has a square root.

THEOREM 5.2.1 If w is a non—zero complex number, then the equation

22 = w has a solution z € C.

Proof. Let w =a+1ib, a, b € R.
Case 1. Suppose b = 0. Then if a > 0, z = /a is a solution, while if
a < 0, iy/—a is a solution.

Case 2. Suppose b # 0. Let z = x + 1y, x, y € R. Then the equation

22 = w becomes

(z +iy)? = 2% — y* 4+ 2zyi = a + ib,
so equating real and imaginary parts gives
22—y =a and 2zy=0.

Hence x # 0 and y = b/(2z). Consequently

b
2 _ (P )2 _
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so 4zt — 4ax?® — bv? = 0 and 4(2?)? — 4a(x?) — b? = 0. Hence

o daxV16a%+1602  axVa? +b?
B 8 a 2 '

x
However 22 > 0, so we must take the + sign, as a — Va2 + b2 < 0. Hence

s a+Vat+b? N a+ va?+b?
r=—— = _—.
2 ’ 2

Then y is determined by y = b/(2x).
EXAMPLE 5.2.1 Solve the equation 22 = 1 + 1.

Solution. Put z = x 4 ¢y. Then the equation becomes
(z +iy)? = 2% —y* 4+ 2zyi = 1 +1,
so equating real and imaginary parts gives
22 —y?=1and 22y = 1.

Hence x # 0 and y = 1/(2x). Consequently

1
= (g) =
T
so 4x* — 422 — 1 = 0. Hence

$2:4i\/16+16:1i\/§.

Hence
5 1442 1+

IS

Then

Hence the solutions are

1+\/§+ i
2 V2V1+2

z ==+
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EXAMPLE 5.2.2 Solve the equation 22 + (v3+4)z+1 = 0.

Solution. Because every complex number has a square root, the familiar

formula
—b £+ Vb? — dac
A
2a

for the solution of the general quadratic equation az? + bz 4+ ¢ = 0 can be
used, where now a(# 0), b, ¢ € C. Hence

—(V3+i) x4/ (V3+i)2—4
2
—(\/§+i)i\/(3+2\/§i—l)—4
2

—(V341i) V-2 +2V3i
5 .

Now we have to solve w? = —2 4+ 2v/3i. Put w = z + iy. Then w? =
22 — y? + 22yi = —2 + 2¢/3i and equating real and imaginary parts gives
22 —y? = =2 and 2zy = 2V/3. Hence y = v/3/z and so 22 — 3/22 = —2. So
44222 —3=0and (22 + 3)(z? — 1) = 0. Hence 22 —1 =0 and = = +1.
Then y = ++/3. Hence (1 ++/3i)?2 = —2 + 2¢/3i and the formula for z now

becomes

—V3 —i+ (1++/30)
2

1—V3+ (1+V3)i o ~1-V3—(1+V3)i
2 2 ‘

EXAMPLE 5.2.3 Find the cube roots of 1.

Solution. We have to solve the equation 23 = 1, or 22 — 1 = 0. Now
PB—1=(z-1)(224+2+1). S0z ~1=0=2—-1=0o0r22+2+1=0.

But
—1+V12-4  —-1+/3i
2 2

So there are 3 cube roots of 1, namely 1 and (—1 4 v/3i)/2.

We state the next theorem without proof. It states that every non—
constant polynomial with complex number coefficients has a root in the
field of complex numbers.

Pr2z+1=0=2=
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THEOREM 5.2.2 (Gauss) If f(2) = a,2" + ap_12""t + - + a1z + ao,
where a,, # 0 and n > 1, then f(z) = 0 for some z € C.

It follows that in view of the factor theorem, which states that if a € F is
a root of a polynomial f(z) with coefficients from a field F', then z — a is a
factor of f(z), that is f(z) = (2 — a)g(z), where the coefficients of g(z) also
belong to F'. By repeated application of this result, we can factorize any
polynomial with complex coefficients into a product of linear factors with
complex coefficients:

f(z)=an(z—21)(z — 22) -+ (2 — zp).

There are available a number of computational algorithms for finding good
approximations to the roots of a polynomial with complex coefficients.

5.3 Geometric representation of C

Complex numbers can be represented as points in the plane, using the cor-
respondence x + 1y < (x, y). The representation is known as the Argand
diagram or complex plane. The real complex numbers lie on the z—axis,
which is then called the real axis, while the imaginary numbers lie on the
y—axis, which is known as the imaginary axis. The complex numbers with
positive imaginary part lie in the upper half plane, while those with negative
imaginary part lie in the lower half plane.
Because of the equation

(x1 +iy1) + (w2 + 1y2) = (z1 + 22) + i(y1 + y2),

complex numbers add vectorially, using the parallellogram law. Similarly,
the complex number z; — z3 can be represented by the vector from (x3, y2)
to (x1, y1), where z; = x1 + iy; and 29 = x3 + iy2. (See Figure 5.1.)

The geometrical representation of complex numbers can be very useful
when complex number methods are used to investigate properties of triangles
and circles. It is very important in the branch of calculus known as Complex
Function theory, where geometric methods play an important role.

We mention that the line through two distinct points P = (x1, y1) and
Py = (x9, y2) has the form z = (1 — t)z1 + t29, t € R, where z = x + iy is
any point on the line and z; = x; +iy;, ¢ = 1, 2. For the line has parametric
equations

r=(1—-tx1 +tre, y=(1—1t)y+tys

and these can be combined into a single equation z = (1 — t)z1 + tzo.
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21+ 22

<1

21 — %2

Y

Figure 5.1: Complex addition and subraction.

Circles have various equation representations in terms of complex num-
bers, as will be seen later.

5.4 Complex conjugate

DEFINITION 5.4.1 (Complex conjugate) If z = z + iy, the complex
conjugate of z is the complex number defined by Z = x — iy. Geometrically,
the complex conjugate of z is obtained by reflecting z in the real axis (see
Figure 5.2).

The following properties of the complex conjugate are easy to verify:
1. 21 + 29 = 21 + Z9;

2. —z=-7%.

6. (21/22) = Z1/%2;
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x|

Y

Figure 5.2: The complex conjugate of z: Z.

7. z is real if and only if z = z;

8. With the standard convention that the real and imaginary parts are
denoted by Re z and Im z, we have
z+z 22—z

R = I = N
ez 5 mz 5

9. If z = x + iy, then 2z = 22 + 3.

THEOREM 5.4.1 If f(z) is a polynomial with real coefficients, then its

non-real roots occur in complex—conjugate pairs, i.e. if f(z) = 0, then
f) =o.
Proof. Suppose f(z) = anz" + ap_12" '+ - + a1z + ap = 0, where
Qn, - - ., aq are real. Then

0=0=f(2) = apz"+apn_12" ' +---+az+ag

= 4"+ a1+ @z + @
= a2+t ap_ 12" '+ + a1z + ag
= f(@.
EXAMPLE 5.4.1 Discuss the position of the roots of the equation

A =1

in the complex plane.

Solution. The equation z* = —1 has real coefficients and so its roots come

in complex conjugate pairs. Also if z is a root, so is —z. Also there are
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clearly no real roots and no imaginary roots. So there must be one root w
in the first quadrant, with all remaining roots being given by w, —w and
—w. In fact, as we shall soon see, the roots lie evenly spaced on the unit
circle.

The following theorem is useful in deciding if a polynomial f(z) has a
multiple root a; that is if (z — a)™ divides f(z) for some m > 2. (The proof
is left as an exercise.)

THEOREM 5.4.2 If f(z) = (z — a)™g(z), where m > 2 and g(z) is a
polynomial, then f’(a) = 0 and the polynomial and its derivative have a
common root.

From theorem 5.4.1 we obtain a result which is very useful in the explicit
integration of rational functions (i.e. ratios of polynomials) with real coeffi-
cients.

THEOREM 5.4.3 If f(z) is a non—constant polynomial with real coeffi-
cients, then f(z) can be factorized as a product of real linear factors and
real quadratic factors.

Proof. In general f(z) will have r real roots zi,..., 2, and 2s non-real
rOOtS 2Zr41, Zr4l,-- -, 2rt+s, Zr+s, OcCCUrring in complex—conjugate pairs by
theorem 5.4.1. Then if a, is the coefficient of highest degree in f(z), we
have the factorization

f(z) = an(z—21) (2 —2) X
X (2 = zr41)(2 = Zr41) -+ (2 = 245) (2 — Zrs)-
We then use the following identity for j = r + 1,...,r + s which in turn
shows that paired terms give rise to real quadratic factors:
(z=2)(z—%5) = 22— (2 +7)2+ 27
= 2 —2Rez; + (25 +y3),
where z; = x; + 1y;.
A well-known example of such a factorization is the following:

EXAMPLE 5.4.2 Factorize z* + 1 into real linear and quadratic factors.

Solution. Clearly there are no real roots. Also we have the preliminary
factorization 2* + 1 = (22 — i)(22 + i). Now the roots of 22 — i are easily
verified to be £(1 + i)/v/2, so the roots of 22 + i must be 4(1 — i)/v/2.
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2]

Y

Figure 5.3: The modulus of z: |z|.

In other words the roots are w = (1 +i)/v/2 and W, —w, —w. Grouping
conjugate—complex terms gives the factorization

A1 = (-w)(z-w)(z+w)(z+w)
= (2% — 22Rew + ww) (2% + 22Re w + W)
= (22 =V22+1)(22+V22+1).

5.5 Modulus of a complex number

DEFINITION 5.5.1 (Modulus) If z = x + iy, the modulus of z is the
non-negative real number |z| defined by |z| = /22 + y?. Geometrically, the
modulus of z is the distance from z to 0 (see Figure 5.3).

More generally, |21 — 22| is the distance between z; and 23 in the complex
plane. For

|21 — 20| = [(z1 +iy1) — (w2 +iy2)| = [(z1— 22) +i(y1 — y2)|
= V(z1—22)2+ (y1 — 12)2

The following properties of the modulus are easy to verify, using the identity

|22 = 2%
(1) |z122| = |21]|22];
(i) z7H =127h
21 121\

111 — | =

(iii) =~ =l
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For example, to prove (i):

|21Z2\2 = (niz)Ziz2 = (z122)71 22
= (2120)(22%) = |21’|22)” = (|21 ][ 22])*.
Hence |z122| = |21]]22]-

(1414)*
(146i)(2—T7i)

EXAMPLE 5.5.1 Find |z| when z =

Solution.
11 44*
|1+ 6i]|2 — 7i
(VIZ+12)
VIZ2+62/22 + (=7)2
4
V3753

THEOREM 5.5.1 (Ratio formulae) If z lies on the line through z; and
Z9.

Z:(l—t)Zl—l-tZQ, t e R,
we have the useful ratio formulae:

zZ— 21

(1) Z— 29 11—t 12#22’
. 2=z

= [t].
i |22 =

Circle equations. The equation |z — z9| = 7, where zgp € C and r >
0, represents the circle centre zp and radius r. For example the equation
|z — (1 + 24)| = 3 represents the circle (z — 1)2 + (y — 2)2 = 9.

Another useful circle equation is the circle of Apollonius :

zZ—a

z—>b

=\

where a and b are distinct complex numbers and A is a positive real number,
A # 1. (If A =1, the above equation represents the perpendicular bisector
of the segment joining a and b.)
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~
=

A

)

Y

|242i] _ 1 3 1 5.4 8 2 8

[z—2i] — 48228 13 15"

Figure 5.4: Apollonius circles:

An algebraic proof that the above equation represents a circle, runs as
follows. We use the following identities:

(i) |z—al*> = |z —2Re(za) + |al?
(i) Re(z1Et22) = Rezi+Rez
(iii) Re(tz) = tRezifteR.
We have
= =A& |z —al? = A2z - b)?

& |22 — 2Re {Za} + |a|? = N2(|z|? — 2Re {zb} + |b]?)

& (1= X?)|z|2 — 2Re {Z(a — A\?b)} = A2|b|? — |a|?
2(p12—|g/2

& |22 — 2Re {2 (7’11__):\2217)} = Xl /\2| |

& |2 = 2Re {z (5222 } +

Now it is easily verified that

a—M\%b 2
1-)\2

a—\%b
1-)\2

2
_ XPPja
1—M\2

la — X262 + (1 = X2)(N2)p)? — |a|?) = A\%|a — D).
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So we obtain

z-al Z_(a—)\gb>2:)\2|a—b|2
z—b 1— )2 [1— A2|2
- Z_<a—/\2b>’_)\|a—b]
1— )2 11— A2

The last equation represents a circle centre zg, radius r, where

a—\%b d _ Aa—b|
T T T v

20 =

There are two special points on the circle of Apollonius, the points z; and

zo defined by

zZ1—a zZ9 —Qa

zl—b:/\ and zg—b:_)\’
o Ab + b
a— a
A= and 2=T (5.3)

It is easy to verify that z; and zo are distinct points on the line through a

and b and that zy = % Hence the circle of Apollonius is the circle based

on the segment z1, 25 as diameter.
EXAMPLE 5.5.2 Find the centre and radius of the circle

|z —1—1i| =2z —5— 2i].
Solution. Method 1. Proceed algebraically and simplify the equation

|lx +iy — 1 —i| = 2|z + iy — 5 — 24|
or
e —14+i(y—1)] =2]z -5+ i(y — 2)|

Squaring both sides gives

(=124 (y - 1)?=4((x -5 + (y — 2)%),
which reduces to the circle equation

38 14
x2+y2—§x—§y+38:0.

Completing the square gives

19, T, (19\® [(7\? 68
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Y

Figure 5.5: The argument of z: argz = 6.

so the centre is (¥, I) and the radius is y/%.
Method 2. Calculate the diametrical points z; and z3 defined above by

equations 5.3:
s—1—i = 2(z —5— 2i)
Zg—l—i = —2(22—5—2i).
We find z; = 9+ 3i and 22 = (11 + 5¢)/3. Hence the centre z is given by

21 + 29 19+7.
zZo = = —+ =1
0 2 33

and the radius r is given by

19 7 68
T:|21—ZO|:'<3+3i)—(9+3i) \/;

_ |8 2
1373

5.6 Argument of a complex number

Let z = z + iy be a non—zero complex number, r = |z| = \/2? + y2. Then
we have x = rcosf, y = rsinf, where 6 is the angle made by z with the
positive z—axis. So 0 is unique up to addition of a multiple of 27 radians.

DEFINITION 5.6.1 (Argument) Any number 6 satisfying the above
pair of equations is called an argument of z and is denoted by argz. The
particular argument of z lying in the range —7 < 8 < 7 is called the principal
argument of z and is denoted by Argz (see Figure 5.5).

We have z = rcosf + irsinf = r(cosf + isinf) and this representation
of z is called the polar representation or modulus—argument form of z.



104 CHAPTER 5. COMPLEX NUMBERS

EXAMPLE 5.6.1 Argl =0, Arg(—1) =7, Argi = 5, Arg(—i) = —

vl

We note that y/z = tan if = # 0, so 0 is determined by this equation up
to a multiple of 7. In fact

Argz = tan~! LA + km,
x

where k=0ifx>0; k=1ifx<0,y>0; k=—-1ifx <0,y <O0.

To determine Arg z graphically, it is simplest to draw the triangle formed
by the points 0, z, z on the complex plane, mark in the positive acute angle
a between the rays 0, z and 0, z and determine Argz geometrically, using
the fact that o = tan=1(]y|/|z|), as in the following examples:

EXAMPLE 5.6.2 Determine the principal argument of z for the followig
complex numbers:

z=4+43i, -4+ 3i, —4— 34, 4— 3i.
Solution. Referring to Figure 5.6, we see that Arg z has the values
a, T—o, —T+o, —aq,
where a = tan™! %.

An important property of the argument of a complex number states that
the sum of the arguments of two non—zero complex numbers is an argument
of their product:

THEOREM 5.6.1 If #; and 0, are arguments of z; and zs, then 61 + 65
is an argument of zjz29.

Proof. Let z; and 2y have polar representations z; = ri(cos@; + isinf;)
and zo = 19(cosfy + isinfs). Then

2122 = ri(cosfy + isinfy)ra(cosbhy + isinbs)
= r1ra(cos by cosfy — sin by sin Oy + i(cos 01 sin Oy + sin 61 cos 62))
= ’r‘lT‘Q(COS (01 +92) + 7sin (91 +02)),
which is the polar representation of zjz9, as riry = |21]|22| = |2122|. Hence
01 + 02 is an argument of z1zs.

An easy induction gives the following generalization to a product of n
complex numbers:
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A A
4+ 3i —4 + 31
< Q > T < > T
Y Y
Yy Y
A A
- > T - > T
Q Q
L/, 4 -3
Y Y

Figure 5.6: Argument examples.

COROLLARY 5.6.1 If64,...,0, are arguments of z1, ..., z, respectively,
then 6; + --- + 6,, is an argument for z; - - - z,.

Taking 6; = --- = 6, = 6 in the previous corollary gives

COROLLARY 5.6.2 If 0 is an argument of z, then nf is an argument for

2",

THEOREM 5.6.2 If 0 is an argument of the non—zero complex number
z, then —6 is an argument of 2.

Proof. Let 6 be an argument of z. Then z = r(cos 0 +isinf), where r = |z|.
Hence

Y(cos® +ising)~*

z T
= 7 Y(cosf —isinb)
= 77 (cos(—0) + isin(—0)).
Now r~! = |2]7t = |27}, so —0 is an argument of 271

COROLLARY 5.6.3 If #; and 65 are arguments of z; and z9, then 6, — 65
is an argument of z;/zs.
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In terms of principal arguments, we have the following equations:

(i) Arg (z122) = Argzi+Argzs + 2k,

(ii) Arg(z71) = —Argz + 2kam,

(iii) Arg(z1/z2) = Argz—Argzs + 2ksm,

(iv) Arg(z1---2z,) = Argz+---+Argz, + 2kym,
(v) Arg (2") = nArgz+ 2ksm,

where k1, ko, ks, k4, k5 are integers.
In numerical examples, we can write (i), for example, as
Arg(z122) = Argz; + Argzs.
EXAMPLE 5.6.3 Find the modulus and principal argument of

17
L (V3+i
o\ 144

and hence express z in modulus—argument form.

V344" 2N _ 9l7/2
T+i7 ~ (V2)7 '

Solution. |z| =

Argz = 17Arg (\/34-2)

1+i
= 17(Arg (V3 +i) — Arg (1 + 1))

_ 17 (E B E) _ —177r.
6 4 12
Hence Argz = (_1127”) + 2km, where k is an integer. We see that k = 1 and

hence Argz = %T Consequently z = 217/2 (cos % + isin %)

DEFINITION 5.6.2 If 6 is a real number, then we define ¢ by

e = cosf + isin 6.

More generally, if z = x + iy, then we define e* by
e* = e%e.

For example, v v
ez =i, " =—1e 2 = —i.
The following properties of the complex exponential function are left as

exercises:
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THEOREM 5.6.3 (i) efle®? = et
(i) e*--.emn = et -t
(i) e £ 0,
(iv) ()™ = e,
(V) e*1 /622 = e,
(vi) ez = e,

THEOREM 5.6.4 The equation
e =1
has the complete solution z = 2kni, k € Z.

Proof. First we observe that
e = cos (2km) + isin (2km) = 1.

Conversely, suppose e* = 1, z = x + iy. Then e*(cosy + isiny) = 1. Hence
e*cosy = 1 and e*siny = 0. Hence siny = 0 and so y = nm, n € Z. Then
e®cos (nm) = 1, so €*(—1)" = 1, from which follows (—1)" =1 as e* > 0.
Hence n =2k, k € Z and e* = 1. Hence x = 0 and z = 2ki.

5.7 De Moivre’s theorem

The next theorem has many uses and is a special case of theorem 5.6.3(ii).
Alternatively it can be proved directly by induction on n.

THEOREM 5.7.1 (De Moivre) If n is a positive integer, then
(cos@ + isinf)" = cos nf + isin nb.
As a first application, we consider the equation z" = 1.

THEOREM 5.7.2 The equation 2™ = 1 has n distinct solutions, namely

the complex numbers ( = e%nm, k=20,1,...,n — 1. These lie equally

spaced on the unit circle |z| = 1 and are obtained by starting at 1, moving

round the circle anti—clockwise, incrementing the argument in steps of 27”
2

(See Figure 5.7)

We notice that the roots are the powers of the special root ( =e™n .
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A

&Ly
G
21 /n
21 /n 1
27 /n Co
Cnfl

Figure 5.7: The nth roots of unity.

Proof. With (; defined as above,

i\ T s’
CZ} = <€21‘;l ) = e%n = ];7
by De Moivre’s theorem. However |(;| = 1 and arg( = 2’“7”, so the com-
plex numbers (i, k =0, 1, ...,n — 1, lie equally spaced on the unit circle.

Consequently these numbers must be precisely all the roots of 2z — 1. For
the polynomial z™ — 1, being of degree n over a field, can have at most n
distinct roots in that field.

The more general equation 2" = a, where a €,C, a # 0, can be reduced
to the previous case:
1/n

Let a be argument of z, so that a = |a|e’®. Then if w = |a] e%a, we

have
w" = <|a|1/nei7a)n
= (" (%)
= |ale’ =a.

So w is a particular solution. Substituting for a in the original equation,
we get 2" = w", or (z/w)” = 1. Hence the complete solution is z/w =
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A
21
|2 = (la)*/"
20
27 /n
«
Zn—1
Figure 5.8: The roots of 2" = a.
621?1”, k=0,1,...,n—1, or
i Lix? i(a+2km)
2 = ]a\l/"eﬁe% = |a|'/"e w , (5.4)
k=20,1,...,n—1. So the roots are equally spaced on the circle
2| = |a|/"

and are generated from the special solution with argument (arga)/n, by
incrementing the argument in steps of 27 /n. (See Figure 5.8.)

EXAMPLE 5.7.1 Factorize the polynomial z° — 1 as a product of real

linear and quadratic factors.

—2mi 47 —4

5 ,e5 , eTm, using the fact that non-

. 2mi
Solution. The roots are 1, e 5 , e
real roots come in conjugate—complex pairs. Hence

2mi —2mi 4mi —4mi

P —l=(z—1(z—e5 )(z—€e5 )(z—e5 )(z—e 5 ).

Now

2mi —27i —2mi

(z—e5 )(z—e5 ) = z2—z(e%+e 5 )41
ZQ—QZCOS%W%-I.
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Similarly

4ri —4mi

(z—e5 )(z—e 5 )=2"—2zcos T + 1.

This gives the desired factorization.

EXAMPLE 5.7.2 Solve 2® = i.

Solution. |i| =1 and Argi = § = a. So by equation 5.4, the solutions are
o= i35 k=0, 1, 2.

First, k = 0 gives

V3 i

5 T tisin Z +
= = - m-=—-+ —.
Zo=¢€ CoS 6 18 6 5 5
Next, k =1 gives
5mi 5t . . om V3 i
= 6 = P— —_ e —_— —.
21 e Ccos 6 4+ 7281n 6 5 —|—2
Finally, & = 2 gives
9mi 9 . . 9n .
zZ1=e6 :cosf—i—zsmfz—z.

We finish this chapter with two more examples of De Moivre’s theorem.
EXAMPLE 5.7.3 If

C = 1+cosf+---+cos (n—1)6,
S = sinf+---+sin (n—1)0,

prove that
. nb i nl
sin &% _ sin & | _
C = ——=2cos (n 21)6 and § = —2sin (n 21)9,
Sin 5 S1n 5

if 0 4 2k, k € Z.
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Solution.

111

C+iS = 1+ (cosf+isinf)+---+ (cos (n—1)0+isin (n —1)0)

RIS (TS (S V1

= 14z+--+2"" where z = ¢
1—2"

= ——, ifz#1, ie. 0F# 2km,
z

1—
; g —inh  ino
1—em™  e2(e72 —e2)
T | _e0 T i, -t @

- o sin
ez(nfl) 3 2

sin 35
sin 24
= (cos (n — 1)g+2’sin (n— l)g) - 3 )
S1n 5

The result follows by equating real and imaginary parts.

EXAMPLE 5.7.4 Express cos nf and sin nf in terms of cosf and sin#,

using the equation cos nf + sin nf = (cos @ + isin6)".

Solution. The binomial theorem gives

(cosf 4 isinf)™ = cos™ 0 + (Tf) cos™ 1 f(isin @) + (3) cos" 2 0(isinh)% + - --

+ (isin ).
Equating real and imaginary parts gives

cos nf = cos™ @ — (g) cos" 20sin%6 + ---

sin nf = (Tf) cos" 1 fsinfh — (”) cos” 3 0sin® 0+ --- .

3

5.8 PROBLEMS

1. Express the following complex numbers in the form = + iy, x,y real:

i i)?
(1) (=3 +)(14 — 23): (i) f * i (i) (11+—2¢) .

[Answers: (i) —40 + 204; (ii) —12 4+ Hi; (iii) —Z +

2. Solve the following equations:

2
2

3
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(i) iz+(2—10i)z = 3z+2i,

() (1+iz+@-iw = -3
(1+2)2+@B+idw = 2+42i

[Answers:(i) z = 4% 41—1’ (ii) z = —1 4 5i, w = % _ %]

. Express 14+ (1 +4) 4+ (1 +4)2+ ...+ (1 +)% in the form x + iy, =,y
)i-]

real. [Answer: (1 + 2°0)i

. Solve the equations: (i) 22 = —8 —6i; (i) 22 — (3+4)z+4+3i = 0.

[Answers: (i) z = £(1 —37); (ii) 2 =2—14, 1+ 2i.]

. Find the modulus and principal argument of each of the following

complex numbers:
(i) 4+4; (i) —3—3; (i) —1+2i; (iv) (-1 +iV3).

[Ansxlzvers: (i) V17, tan~!$; (ii) @, —m + tan~1 3; (iii) V5, m —
tan™" 2.]

. Express the following complex numbers in modulus-argument form:

(i) z=(1+4)(1 +iV3)(vV3 — ).

(1+4)°(1 — z'\/§)5.

(W) == (V3 + i)

[Answers:
(i) z = 4v2(cos 3T +isin 3%); (i) z = 27/%(cos L 4 isin L17) ]

(i) If z =2(cos §+isin §) and w = 3(cos g +isin §), find the polar
form of
5

(a) zw; (b) F;(c) T3 (d) &2

w)’ z) w?”

(ii) Express the following complex numbers in the form x + iy:
() (1402 () ()

[Answers: (i): (a) 6(cos 2% +isin 27); (b) Z(cos 75 + isin 5);

(c) 3(cos =% +isin —5%); (d) 22(cos HX +isin LT);

(i)): (a) —64; (b) —i.]
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8. Solve the equations:
(1) 22 =144V3; (i) 2* =14; (iii) 2° = —8i; (iv) 2t =2 — 2i.

[Answers: (i) 2 = £0750 (i) i#(cos T +isin ),k = 0,1,2,3; (i)

2=2i, —v/3—i, V3—1i; (iv) 2z = i*25 (cos & —isin &), k =0,1,2,3]

9. Find the reduced row—echelon form of the complex matrix

241 —-1+2¢ 2
1+7 —-1+43 1
1+2¢ 2447 143

[Answer:

O O =
S O =

0
1]
0

10. (i) Prove that the line equation lx + my = n is equivalent to
Dz + pz = 2n,

where p = [ + im.

(ii) Use (ii) to deduce that reflection in the straight line
pz+pz=n
is described by the equation
pw+pz=n.

[Hint: The complex number [ 4 im is perpendicular to the given
line.]

(iii) Prove that the line |z —a| = |z —b| may be written as pz+pz = n,
where p = b — a and n = [b|?> — |a|?. Deduce that if z lies on the

Apollonius circle lli:gll = )\, then w, the reflection of z in the line

|z—al

|z — a| = |z — b], lies on the Apollonius circle =

1
X-
11. Let a and b be distinct complex numbers and 0 < a < .

(i) Prove that each of the following sets in the complex plane rep-
resents a circular arc and sketch the circular arcs on the same
diagram:
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(i)

(iii)
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z

Argz_ =, —Q, T—Q, @ —T.

Also show that Arg :

£—a .. .
b= 0 represents the remaining portion of

a . C e
b= 7 represents the line segment joining

a and b, while Arg

the line through a and b.

Use (i) to prove that four distinct points 21, 22, 23, 24 are con-
cyclic or collinear, if and only if the cross—ratio

24— 21 ,23 — 21

Z4 —R9 23 — 22

is real.

Use (ii) to derive Ptolemy’s Theorem: Distinct points A, B, C, D
are concyclic or collinear, if and only if one of the following holds:

AB-CD+ BC-AD = AC-BD

BD-AC+ AD-BC = AB-CD
BD-AC+ AB-CD = AD-BC.



Chapter 6

EIGENVALUES AND
EIGENVECTORS

6.1 Motivation

We motivate the chapter on eigenvalues by discussing the equation
2 2 _
azx” + 2hxy + by” = ¢,

where not all of a, h, b are zero. The expression az? + 2hzy + by? is called
a quadratic form in x and y and we have the identity

a h x
az® +2hay + by’ = [ z y]{h b}{y]:XtAX,

a h

T
whereX—{y}andA—[h b

] . A is called the matrix of the quadratic

form.

We now rotate the z, y axes anticlockwise through 6 radians to new
x1, y1 axes. The equations describing the rotation of axes are derived as
follows:

Let P have coordinates (z, y) relative to the z, y axes and coordinates
(z1, y1) relative to the x1, y; axes. Then referring to Figure 6.1:

115
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Y P

Y1 x1

Figure 6.1: Rotating the axes.

x = 0Q=O0OPcos (0+ «)
= OP(cosf cosa — sinfsin @)
= (OPcosa)cosf — (OPsina)sin 6
= ORcosf — PRsinf

= xpcosf —ypsind.

Similarly y = x1sin 6 + y1 cos 6.
We can combine these transformation equations into the single matrix

equation:
x | | cosf —sind T
y | | sinf@  cosf |’

or X = PY, where X = | © | v = | ® | and p = | €80 —sinf |
Y Y1 sin 6 cos 6

We note that the columns of P give the directions of the positive z1 and y;
axes. Also P is an orthogonal matrix — we have PP! = I, and so P~! = P*.
The matrix P has the special property that det P = 1.

cosf) —sind
sinf  cosf
We shall show soon that any 2 x 2 real orthogonal matrix with determinant

A matrix of the type P = } is called a rotation matrix.
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equal to 1 is a rotation matrix.
We can also solve for the new coordinates in terms of the old ones:

1| _y _pty — C(?S@ sin 6 x 7
Y1 —sinf cosf Y

so r1 = xcosf + ysinfh and y; = —xsinf + ycosd. Then

X'AX = (PY)'A(PY) = YY(P'AP)Y.
Now suppose, as we later show, that it is possible to choose an angle 6 so
that PLAP is a diagonal matrix, say diag(A1, A2). Then

M0 T
t 1 1 2 2
X'AX = [z yl][o )\2][y1]—)\1$1+)\2y1 (6.1)

and relative to the new axes, the equation az? + 2hay + by?> = ¢ becomes
A2 + Aoy = ¢, which is quite easy to sketch. This curve is symmetrical
about the x; and y; axes, with P, and P», the respective columns of P,
giving the directions of the axes of symmetry.

Also it can be verified that P, and P» satisfy the equations

AP1 = )\1P1 and APQ = )\2P2.

U1

These equations force a restriction on A\; and Ao. For if P, = [ ], the

U1
first equation becomes

P e S A P b

Hence we are dealing with a homogeneous system of two linear equations in
two unknowns, having a non—trivial solution (u;, v1). Hence

a—/\1 h
h b— X\

Similarly, Ao satisfies the same equation. In expanded form, A; and As
satisfy

=0.

M —(a+bX+ab—h*=0.

This equation has real roots

\— a+b+/(a+b)?—4(ab—h?) a+bt/(a—0b)?+4n? (6.2)
2 2
(The roots are distinct if a # b or h # 0. The case a = b and h = 0 needs
no investigation, as it gives an equation of a circle.)
The equation A2 — (a+b)A+ab— h? = 0 is called the eigenvalue equation
of the matrix A.
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6.2 Definitions and examples

DEFINITION 6.2.1 (Eigenvalue, eigenvector) Let A be a complex
square matrix. Then if X is a complex number and X a mon-zero com-
plex column vector satisfying AX = AX, we call X an eigenvector of A,
while A is called an eigenvalue of A. We also say that X is an eigenvector
corresponding to the eigenvalue .

So in the above example P; and P, are eigenvectors corresponding to Ap
and Ay, respectively. We shall give an algorithm which starts from the
a

nob ] and constructs a rotation matrix P such that

eigenvalues of A = [

P'AP is diagonal.

As noted above, if A is an eigenvalue of an n X n matrix A, with
corresponding eigenvector X, then (A — AI,)X = 0, with X # 0, so
det (A — A\I,) = 0 and there are at most n distinct eigenvalues of A.

Conversely if det (A — AI,,) = 0, then (A — AI,) X = 0 has a non—trivial

solution X and so A is an eigenvalue of A with X a corresponding eigenvector.

DEFINITION 6.2.2 (Characteristic polynomial, equation)

The polynomial det (A — AI,,) is called the characteristic polynomial of A
and is often denoted by cha(A). The equation det (A — AI,) = 0 is called
the characteristic equation of A. Hence the eigenvalues of A are the roots
of the characteristic polynomial of A.

a

For a 2 x 2 matrix A = [ . b } , it is easily verified that the character-

d
istic polynomial is A? — (trace A)\ +det A, where trace A = a +d is the sum
of the diagonal elements of A.

21

EXAMPLE 6.2.1 Find the eigenvalues of A = [ 1 o

vectors.

] and find all eigen-

Solution. The characteristic equation of A is A2 — 4\ +3 =0, or
A=1)(A=3)=0.

Hence A =1 or 3. The eigenvector equation (A — AI,)X = 0 reduces to

I
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or
2-Nz+y =
r+(2-Ny =
Taking A = 1 gives
rt+y =
z+y = 0,
which has solution x = —y, y arbitrary. Consequently the eigenvectors

corresponding to A = 1 are the vectors [ _Zy,/ } , with y £ 0.
Taking A = 3 gives

—r+y = 0
r—y = 07
which has solution x = y, y arbitrary. Consequently the eigenvectors corre-
sponding to A = 3 are the vectors { Z } , with y #£ 0.
Our next result has wide applicability:

THEOREM 6.2.1 Let A be a 2 x 2 matrix having distinct eigenvalues A;
and A and corresponding eigenvectors X; and X,. Let P be the matrix
whose columns are X; and Xs, respectively. Then P is non—singular and

A1 O
-1 o 1
P AP_[O M].

Proof. Suppose AX; = \1 X7 and AXs = A2 Xs. We show that the system
of homogeneous equations

X1 +yXo=0

has only the trivial solution. Then by theorem 2.5.10 the matrix P =
[X1|X2] is non-singular. So assume

Then A(zX; +yX2) = A0 =0, so z(AX1) + y(AX2) = 0. Hence

xA1 X1 + yAaXo = 0. (6.4)
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Multiplying equation 6.3 by A; and subtracting from equation 6.4 gives
()\2 — )\1)ng =0.

Hence y = 0, as (A2— A1) # 0 and Xy # 0. Then from equation 6.3, zX; =0
and hence x = 0.
Then the equations AX; = A\ X7 and AXs = A X5 give

AP = A[X1]|X32] = [AX1|AXo] = [MX1|AXs]
_ A0 A0
ST
SO

A0

-1 _ 1
par=[ % 0]
EXAMPLE 6.2.2 Let A = ? ; ] be the matrix of example 6.2.1. Then

X, = [ _1 ] and Xy = [ } ] are eigenvectors corresponding to eigenvalues

1 and 3, respectively. Hence if P = [ _i i } , we have
10
—1 _
pap=[1 0]

There are two immediate applications of theorem 6.2.1. The first is to the
calculation of A™: If P~1AP =diag (\1, A2), then A = Pdiag (A1, o) P!
and

- M 0] o\ ST A 0 ST A 0]
A_<P[O)\2]P>_P[O)\2]P_P[O)\QP.

The second application is to solving a system of linear differential equations
dx

U az + by
d
d—z = cx+dy,
where A = [ CCL d ] is a matrix of real or complex numbers and x and y

are functions of ¢. The system can be written in matrix form as X = AX,

[ []-[§]

where



6.2. DEFINITIONS AND EXAMPLES 121

T

We make the substitution X = PY, where Y = [ . Then x; and 11

| I

A
are also functions of ¢ and

X =PY =AX = A(PY), soY = (P 'AP)Y = [ Ar 0 ]Y

Hence fl = )\11‘1 and 311 = )\le.
These differential equations are well-known to have the solutions x7 =
21(0)eM? and y; = y1(0)e?!, where x1(0) is the value of 21 when ¢ = 0.

[If % = kx, where k is a constant, then

d( ke \_ —kt g dr —kt Kty _
£<e :c) = —ke Mz +e - ke "z +e "kx = 0.
Hence e %z is constant, so e ¥z = ¢ 7*02(0) = 2(0). Hence z = x(0)e** ]
However [ zlég)) } =p! [ zgg; ], so this determines 21(0) and y;(0) in
1

terms of z(0) and y(0). Hence ultimately x and y are determined as explicit
functions of ¢, using the equation X = PY.

EXAMPLE 6.2.3 Let A = [ Z :2 } Use the eigenvalue method to
derive an explicit formula for A™ and also solve the system of differential
equations

dx

2 oy

7 r — 3y
dy

29— pp—

dt ‘r 5y7

given x =7 and y = 13 when t = 0.

Solution. The characteristic polynomial of A is A2+3A+2 which has distinct

roots Ay = —1 and Ay = —2. We find corresponding eigenvectors X; = [ 1 ]
1 3

andX2:[3 1 4

4]. HenceifP:[

}, we have P~1AP = diag (-1, —2).

Hence

A" = (Pdiag(~1, —2)P™1)" = Pdiag((-1)", (-2)")P"

- LS Gl T
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21 371 0 4 -3
= =D 1 4“0 2nH—1 1]
A1 3x2n 4 -3
= 0Ty 4><2”H—1 1]
" 4-3x2" —3+3x2"
- | 4—4x2" —344x2"

To solve the differential equation system, make the substitution X =
PY. Then z = x1 + 3y1, y = x1 + 4y1. The system then becomes

:i’l = —X
?)1 - _2y17

—t

so z1 = z1(0)e", y1 = y1(0)e . Now

.21?1(0) _ P—l .%'(O) — 4 =3 7 = -1l
w0 Lv@ ] L-v afls ]l 6]
sox; = —1le7t and y; = 6e2. Hence v = —11le + 3(6e72) = —1let +
1872 y = —1le ! + 4(6e7 %) = —1let + 24e 2.

For a more complicated example we solve a system of inhomogeneous
recurrence relations.

EXAMPLE 6.2.4 Solve the system of recurrence relations

Tp+1 = 2xy, — Yn — 1
Yn+l = —Tp+ 2yn + 27

given that zo = 0 and yy = —1.

Solution. The system can be written in matrix form as
Xn+1 = AX, + B,

where

A= 2 was=[1]

It is then an easy induction to prove that

X,=A"Xg+ (A" ' +... + A+ 1,)B. (6.5)
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Also it is easy to verify by the eigenvalue method that

=gt ey
WhereU:[i 1]andV:[_i _1].Hence
Al p AL = ZU+(3H_1+”2'+3+1)V
_ ZU+<3”;—1>V

Then equation 6.5 gives

- (o) 2] () 4]

which simplifies to

E Rl

Hence z,, = (2n — 1+ 3")/4 and y, = (2n — 5+ 3")/4.

REMARK 6.2.1 If (A — I)~! existed (that is, if det (A — I3) # 0, or
equivalently, if 1 is not an eigenvalue of A), then we could have used the
formula

An_1+“'+A+IQ :(An—fg)(A—IQ)_l. (66)

However the eigenvalues of A are 1 and 3 in the above problem, so formula 6.6
cannot be used there.

Our discussion of eigenvalues and eigenvectors has been limited to 2 x 2
matrices. The discussion is more complicated for matrices of size greater
than two and is best left to a second course in linear algebra. Nevertheless
the following result is a useful generalization of theorem 6.2.1. The reader
is referred to [28, page 350] for a proof.

THEOREM 6.2.2 Let A be an n x n matrix having distinct eigenvalues

A1, ..., Ay and corresponding eigenvectors X, ..., X,. Let P be the matrix
whose columns are respectively Xi,...,X,. Then P is non—singular and
M O - 0
) 0 X -+ 0
pP—AP=| . . .

0 0 - A\
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Another useful result which covers the case where there are multiple eigen-
values is the following (The reader is referred to [28, pages 351-352] for a
proof):

THEOREM 6.2.3 Suppose the characteristic polynomial of A has the fac-

torization

det M, —A)=A—c)™ - (A—c)™,
where cq,...,c; are the distinct eigenvalues of A. Suppose that for i =
1,...,t, we have nullity (¢;I,, — A) = n;. For each such i, choose a basis

Xit, ..., Xin, for the eigenspace N(c;I, — A). Then the matrix
P = [XH’ e |X1n1| ... |Xt1| . ‘tht]

is non-singular and P~'AP is the following diagonal matrix

cly, 0 o 0
piap_ | 0 @le e 0
0 0 - el

(The notation means that on the diagonal there are n; elements ¢y, followed
by ng elements cy,. .., n; elements ¢;.)

6.3 PROBLEMS

1. Let A = [ ‘11 _g } . Find an invertible matrix P such that P~1AP =

diag (1, 3) and hence prove that
3" -1 3-3"

A" = A L.
2 th

0.6 0.8

2. 4= [ 0.4 0.2

} , prove that A" tends to a limiting matrix

[ ]

as 1n — OQ.
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3. Solve the system of differential equations

dx

= = 3x—-2
di Ty
dy

= = br—4
dt xy7

given z = 13 and y = 22 when ¢ = 0.
[Answer: z = Te! + 6e72, y = Tel + 15e72 )]

4. Solve the system of recurrence relations

Tptl = BTy — Yn
Yn+l = —Tp+ 3Yn,
given that zog = 1 and yy = 2.
[Answer: x, = 2" (3 —2"), y, = 2" 1(3 +2")

5. LetA:[a
c

] be a real or complex matrix with distinct eigenvalues

d
A1, A2 and corresponding eigenvectors X, Xo. Also let P = [X1|X3].

(a) Prove that the system of recurrence relations

Tpy1 = axy + by,

Yn+1 = an""dyn

has the solution
Tn

Yn

where « and 3 are determined by the equation

B!

(b) Prove that the system of differential equations

} = a1 X1 + A3 X0,

d—w = ar+b
at Y
d

d—i{ = cx+dy

has the solution

z ] = aeM X + e Xy,
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where a and (§ are determined by the equation
« 1| =(0) ]
=P .
[ B } [ y(0)

Let A= [ @ dn } be a real matrix with non-real eigenvalues A\ =
a1 a22

a +ib and X = a — ib, with corresponding eigenvectors X = U + iV
and X = U — iV, where U and V are real vectors. Also let P be the
real matrix defined by P = [U|V]. Finally let a + ib = re?, where
r > 0 and 0 is real.

(a) Prove that

AU = aU -0V
AV = bU +aV.

(b) Deduce that
plap—| ¢ °?
b a |’

(c) Prove that the system of recurrence relations

Tntl = Q11Tn + A12Yn

Yn+l = G21Tp + A22Yn

has the solution

[ i" ] =r"{(aU + BV) cosnb + (U — aV)sinnb},

where « and 3 are determined by the equation

B

(d) Prove that the system of differential equations

d—w = ar+b
a Y
d

L cx + dy

dt
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has the solution

[ :yc } = e"{(aU + BV) cosbt + (BU — aV) sin bt},

where « and 3 are determined by the equation

M

[Hint: Let { 5 ] =P [ 51 ] Also let z = x1 4+ iy;. Prove that
1
z2=(a—1ib)z

and deduce that
x1 +iy; = e (a +i3)(cos bt + isin bt).

Then equate real and imaginary parts to solve for x1, y1 and
hence z, y.]

7. (The case of repeated eigenvalues.) Let A = { CCL Z ] and suppose

that the characteristic polynomial of A, A2 — (a + d)\ + (ad — bc), has
a repeated root «. Also assume that A # als. Let B = A — als.

(i) Prove that (a — d)? + 4bc = 0.

(ii) Prove that B2 = 0.
(iii) Prove that BXs # 0 for some vector Xo; indeed, show that Xo

can be taken to be [é]or [(1]]

(iv) Let X; = BX5. Prove that P = [X;|X3] is non—singular,
AX1 = OzXl and AX2 = O[XQ + X1
and deduce that
1 [0 1
P AP = .
0 o

8. Use the previous result to solve system of the differential equations

dr

> 4y —
dt vy
d

& _ 4x + 8y,

dt
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given that x =1 =y when ¢t = 0.
[To solve the differential equation

i kx = f(t), k a constant,

multiply throughout by e=*, thereby converting the left-hand side to

& (i) )

[Answer: o = (1 — 3t)e%, y = (1 + 6t)e% ]

9. Let
1/2 1/2 0
A=|1/4 1/4 1/2
1/4 1/4 1/2
(a) Verify that det (A3 — A), the characteristic polynomial of A, is
given by
1
A=1AN— 1)

(b) Find a non-singular matrix P such that P"'AP = diag(1, 0, ).
(c) Prove that

TRERE 1 2 2 —4
A":g 11 +37 -1 -1 2
11 1 ' -1 -1 2
ifn>1.
10. Let

5 2 -2

A= 2 5 -2

-2 -2 5

(a) Verify that det (A[3 — A), the characteristic polynomial of A, is
given by
(A=3)2(A—9).

(b) Find a non-singular matrix P such that P~1AP = diag (3, 3, 9).
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Identifying second degree
equations

7.1 The eigenvalue method

In this section we apply eigenvalue methods to determine the geometrical
nature of the second degree equation

ax® + 2hxy + by + 292 + 2fy + ¢ =0, (7.1)

where not all of a, h, b are zero.

Let A = [ a h } be the matrix of the quadratic form ax? 4+ 2hzy + by?.

h b
We saw in section 6.1, equation 6.2 that A has real eigenvalues A\ and Ao,
given by
a+b—+/(a—0)2+4h? a+b++/(a—0b)?+4h?
AL = > , Ag = > :

We show that it is always possible to rotate the x, y axes to x1, x2 axes whose
positive directions are determined by eigenvectors X; and X5 corresponding
to A1and As in such a way that relative to the x1, y; axes, equation 7.1 takes
the form

dz? + vyt +2¢z +2fy+c=0. (7.2)

Then by completing the square and suitably translating the x1, y; axes,
to new z9, yo axes, equation 7.2 can be reduced to one of several standard
forms, each of which is easy to sketch. We need some preliminary definitions.

129
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DEFINITION 7.1.1 (Orthogonal matrix) An n x n real matrix P is
called orthogonal if
P'P = I,.

It follows that if P is orthogonal, then det P = +1. For
det (P'P) = det P'det P = (det P)?,

so (det P)?2 =det I,, = 1. Hence det P = 1.
If P is an orthogonal matrix with det P = 1, then P is called a proper
orthogonal matrix.

THEOREM 7.1.1 If P is a 2 x 2 orthogonal matrix with det P = 1, then

cos —sinf
P= [ sin 6 cos@]

for some 6.

REMARK 7.1.1 Hence, by the discusssion at the beginning of Chapter
6, if P is a proper orthogonal matrix, the coordinate transformation

Y Y1
represents a rotation of the axes, with new x; and y; axes given by the

repective columns of P.

Proof. Suppose that P!P = I5, where A =det P = 1. Let

a b
P= [ c d ] '
Then the equation
1
pt=pl= Zade
gives
a c | d —=b
b d| | —¢ a
Hence a = d, b = —c and so

where a? + ¢ = 1. But then the point (a, c) lies on the unit circle, so
a = cosf and ¢ = sin @, where 0 is uniquely determined up to multiples of
2.
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DEFINITION 7.1.2 (Dot product). If X = [ Z ] and Y = { 2 ] then
X .Y, the dot product of X and Y, is defined by

XY =ac+bd.
The dot product has the following properties:
i) X - Y+2)=X-Y+XZ
(i) X Y =YX,

(iii) (tX) Y =t(X-Y);

(iv) X-X:az—i—bQifX:[Z];

(v) XY =X'Y.
The length of X is defined by
X = Va2 +b2 = (X - X)"2

We see that || X|| is the distance between the origin O = (0, 0) and the point
(a, b).

THEOREM 7.1.2 (Geometrical meaning of the dot product)
Let A = (z1, y1) and B = (x2, y2) be points, each distinct from the origin

O = (0, 0). Then if X = [ 1 ] and Y = [ 2 },Wehave
n Y2

X .Y =0A 0B cos?b,
where 6 is the angle between the rays OA and OB.
Proof. By the cosine law applied to triangle OAB, we have
AB? = OA% 4 OB? — 20A - OB cos 6. (7.3)

Now AB? = (z9 — 21)? + (y2 — 11)?, OA% = 2% + 42, OB? = 22 + 43.

Substituting in equation 7.3 then gives

(22— 21)% + (g2 —11)% = (2 + y?) + (22 + y3) — 204 - OB cos ),
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which simplifies to give
OA -OBcosf = z1z9 + 12 = X - Y.

It follows from theorem 7.1.2 that if A = (z1, y1) and B = (x2, y2) are

points distinct from O = (0, 0) and X = [ zl ] and Y = [ ? ], then
1 2
X - Y = 0 means that the rays OA and OB are perpendicular. This is the

reason for the following definition:

DEFINITION 7.1.3 (Orthogonal vectors) Vectors X and Y are called
orthogonal if
X Y=0.

There is also a connection with orthogonal matrices:

THEOREM 7.1.3 Let P be a 2 x 2 real matrix. Then P is an orthogonal
matrix if and only if the columns of P are orthogonal and have unit length.

Proof. P is orthogonal if and only if P!P = I. Now if P = [X;|X3], the
matrix P'P is an important matrix called the Gram matrix of the column
vectors X; and Xs. It is easy to prove that

PtP:[XZ--Xj]:[Xl'Xl X1.X2]‘

Xo- X7 Xo-Xo
Hence the equation P'P = I is equivalent to

X -X; Xi-Xy] [10
Xo-X; Xo-Xo | |0 1]

or, equating corresponding elements of both sides:
X1-X1=1,X1-Xo=0, Xo- Xo =1,

which says that the columns of P are orthogonal and of unit length.

The next theorem describes a fundamental property of real symmetric
matrices and the proof generalizes to symmetric matrices of any size.

THEOREM 7.1.4 If X; and X5 are eigenvectors corresponding to distinct
eigenvalues A\; and Ay of a real symmetric matrix A, then X; and X, are
orthogonal vectors.
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Proof. Suppose
AX1 = M X, AXo = Ao Xo, (7.4)

where X7 and X5 are non-zero column vectors, A* = A and \; # \o.
We have to prove that X! Xy = 0. From equation 7.4,

XiAX, = M XEX, (7.5)

and
XEAX, = M XX (7.6)

From equation 7.5, taking transposes,
(X3AX1)" = (M X3X1)!

SO

XIA' Xy = M XEX.

Hence
XiAXy = M XEXo. (7.7)

Finally, subtracting equation 7.6 from equation 7.7, we have
(A —A)XiXo=0

and hence, since A1 # Ag,
Xix, =o.

THEOREM 7.1.5 Let A be a real 2 x 2 symmetric matrix with distinct
eigenvalues A\; and A9. Then a proper orthogonal 2 x 2 matrix P exists such
that

P'AP = diag (M1, \2).

M

“diagonalizes” the quadratic form corresponding to A:

Also the rotation of axes

XPAX = Ma? + Aoy
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Proof. Let X; and X5 be eigenvectors corresponding to A; and As. Then
by theorem 7.1.4, X; and Xs are orthogonal. By dividing X; and Xy by
their lengths (i.e. normalizing X7 and X5) if necessary, we can assume that
X1 and Xo have unit length. Then by theorem 7.1.1, P = [X;|X>] is an
orthogonal matrix. By replacing X; by —Xj, if necessary, we can assume
that det P = 1. Then by theorem 6.2.1, we have
t ~1 A1 0
P'AP =P AP = [ 0 )\2].

Also under the rotation X = PY,

X'AX (PY)'A(PY) = YY(P'AP)Y = Y'diag (A1, \2)Y

= \izi+ Aoyt

EXAMPLE 7.1.1 Let A be the symmetric matrix

12 —6
a1,

Find a proper orthogonal matrix P such that P!AP is diagonal.
Solution. The characteristic equation of A is A2 — 19\ + 48 = 0, or
(A=16)(A—=3)=0.

Hence A has distinct eigenvalues A\; = 16 and Ao = 3. We find corresponding
eigenvectors

5= [ i 2].

Now || X1|| = || X2|| = V13. So we take

[ 2] e ]

Then if P = [X;|X3], the proof of theorem 7.1.5 shows that

c o [16 0
par=[" 0.

However det P = —1, so replacing X; by —X; will give det P = 1.
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Figure 7.1: 1222 — 122y + Ty? 4+ 60z — 38y + 31 = 0.

REMARK 7.1.2 (A shortcut) Once we have determined one eigenvec-

tOI‘Xlz |:Z

always orthogonal. Also P = [X1|X5] will have det P = a? + b% > 0.

—b
], the other can be taken to be [ a ], as these vectors are

We now apply the above ideas to determine the geometric nature of
second degree equations in x and .

EXAMPLE 7.1.2 Sketch the curve determined by the equation
1222 — 12zy + Ty* + 60z — 38y 4+ 31 = 0.

Solution. With P taken to be the proper orthogonal matrix defined in the
previous example by

p_ 3/V13 2/V13
-| s s |

then as theorem 7.1.1 predicts, P is a rotation matrix and the transformation

(3]l
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or more explicitly

v 3z1 + 2y1 Y= —2z1 4+ 3y1 (7.8)
VI3 Vi3 '

will rotate the z, y axes to positions given by the respective columns of P.
(More generally, we can always arrange for the z1 axis to point either into
the first or fourth quadrant.)

12 -6
NOWA—|:_6 7

} is the matrix of the quadratic form
1222 — 122y + Ty?,
so we have, by Theorem 7.1.5
1222 — 122y + Ty? = 1622 + 3y3.

Then under the rotation X = PY, our original quadratic equation becomes

60 38
1623 + 3y? + —=(3z1 + 2y1) — ——=(—2z1 + 3y1) + 31 =0,

V13 V13
o 256 6
1622 + 3y + —x1 + ——yy +31 = 0.
1 yl \/ﬁ 1 \/ﬁyl

Now complete the square in x; and y;:

16 2

16(x1+¢%>2+3<y1+;?3)2 _ 16<%>2+3(¢%>2—31
— 48 (7.9)

Then if we perform a translation of axes to the new origin (z1, y1) =

(_L _L).
V13’ V137" . .
x2=x1+7,y2=y1+\/71»3,

V13

equation 7.9 reduces to
1623 + 3y3 = 48,

or 9 9
L Y
3 16
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TN
T

=1,0< b < a: an ellipse.

2 2
. 22y
Flgure 72 ? + 672

This equation is now in one of the standard forms listed below as Figure 7.2
and is that of a whose centre is at (x2, y2) = (0, 0) and whose axes of
symmetry lie along the zs, 12 axes. In terms of the original x, y coordinates,
we find that the centre is (z, y) = (=2, 1). Also Y = P!X, so equations 7.8
can be solved to give

_3m1—2y1 y _2x1+3y1

Hence the ys—axis is given by

I

8
O=29 = 21+ —
2 1 3

3xr — 2y 8

+ ,
V13 V13

or 3x — 2y + 8 = 0. Similarly the z9 axis is given by 2z + 3y + 1 = 0.
This ellipse is sketched in Figure 7.1.

Figures 7.2, 7.3, 7.4 and 7.5 are a collection of standard second degree
equations: Figure 7.2 is an ellipse; Figures 7.3 are hyperbolas (in both these

b
examples, the asymptotes are the lines y = +—x); Figures 7.4 and 7.5
a

represent parabolas.

EXAMPLE 7.1.3 Sketch y2 — 4z — 10y — 7 = 0.
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‘ a2 a2
Figure 7.3: (1)9—1)—2:1, (11)¥—b—2:—1,0<b,0<a.
Yyl
y
X X

Figure 7.4: (i) y? = 4ax, a > 0; (i) y* = daz, a < 0.
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Figure 7.5: (iii) 2% = 4ay, a > 0; (iv) 2% = 4ay, a < 0.

Solution. Complete the square:
P —10y+25—42—-32 = 0
(y—5)2=4z+32 = 4(z+38),
or y3 = 4z, under the translation of axes 1 = x + 8, y; = y — 5. Hence we
get a parabola with vertex at the new origin (z1, y1) = (0, 0), i.e. (z,y) =
(-8, 5).
The parabola is sketched in Figure 7.6.
EXAMPLE 7.1.4 Sketch the curve 22 — 4oy + 4y> + 5y — 9 = 0.

Solution. We have z? — 4zy + 4y? = X' AX, where

1 -2
a1
The characteristic equation of A is A2 —5\ = 0, so A has distinct eigenvalues
A1 =5 and Ay = 0. We find corresponding unit length eigenvectors

1 1 112
w-gila] -0
Then P = [X;|X5] is a proper orthogonal matrix and under the rotation of

axes X = PY, or

1+ 2y1

V5
—2x1+

?JZT,
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Figure 7.6: y? — 4x — 10y — 7 = 0.

we have
2?2 — day + 4y? = \a? + \yd = 5.

The original quadratic equation becomes

5
5.13% + g(—?xl +y1)—9 = 0

2

5(z1 — i)2 =10 Vi1 = Vb(y —2V5),
V5
or 51:% = —%yg, where the x1, y; axes have been translated to xs, 1o axes
using the transformation
1

\757
Hence the vertex of the parabola is at (z2, y2) = (0, 0), ie. (z1,y1) =
(%, 2v/5), or (z, y) = (%, %) The axis of symmetry of the parabola is the
line o =0, i.e. 1 = 1/\/5 Using the rotation equations in the form

To =T — yz=y1—2\/5.

T — 2y
V5

r, =
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y AY
.
.
AY
al |
.
\
\\ y2
2 Nt

Figure 7.7: 2% — 4xy + 49> + 5y — 9 = 0.

2r +y

y1 = \/57

we have
x—2y 1

N
The parabola is sketched in Figure 7.7.

or z—2y=1.

7.2 A classification algorithm

There are several possible degenerate cases that can arise from the general
second degree equation. For example 22 412 = 0 represents the point (0, 0);
z? +y? = —1 defines the empty set, as does 22 = —1 or y> = —1; 22 = 0
defines the line = 0; (z + y)? = 0 defines the line z +y = 0; 22 —y> =0
defines the lines x —y = 0,z +y = 0; 2> = 1 defines the parallel lines

r = +1; (x + y)? = 1 likewise defines two parallel lines  + y = +1.

We state without proof a complete classification ! of the various cases

! This classification forms the basis of a computer program which was used to produce
the diagrams in this chapter. I am grateful to Peter Adams for his programming assistance.
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that can possibly arise for the general second degree equation
az? + 2hay + by? + 292 + 2fy + ¢ = 0. (7.10)

It turns out to be more convenient to first perform a suitable translation of
axes, before rotating the axes. Let

a h g
A=|h b f|, C=ab—h% A=bc— f? B=ca—g°
g [ c
If C #0, let
_’g h la g
fb h f
_ il = 71 11
CASE 1. A=0.

(1.1) C # 0. Translate axes to the new origin («, 3), where o and 3 are
given by equations 7.11:

r=x1+a, y=y +p5

Then equation 7.10 reduces to
2 2 _
axy + 2hz1y; + byy = 0.

(a) C > 0: Single point (z, y) = (a, ).
(b) C < 0: Two non—parallel lines intersecting in (z, y) = (a, ).

The lines are

y—p5 ~h+v-C

= if b#£0,
T—« b
y—p a .
Tr=a« and p— 57, ifb=20
(1.2) C=0
(a) h=0
(i) a=g=0.

(A) A>0: Empty set.
(B) A =0: Single line y = —f/b.



7.2. A CLASSIFICATION ALGORITHM 143

(C) A <0: Two parallel lines

—f+V-A
y=———7F—
(ii) b= f =0.
(A) B > 0: Empty set.
(B) B =0: Single line z = —g/a.
(C) B < 0: Two parallel lines

—-g++v—-B
r=———

a
(b) h #0.
(i) B > 0: Empty set.
(i) B = 0: Single line az + hy = —g.
(iii) B < 0: Two parallel lines

ax +hy = —g+v—B.
CASE 2. A #0.

(2.1) C # 0. Translate axes to the new origin («, ), where o and 3 are
given by equations 7.11:

r=x1+a, Y=y +06.

Equation 7.10 becomes

A
ax? + 2hx1y + bys = el (7.12)

CASE 2.1(i) h = 0. Equation 7.12 becomes az? + by? = %.
(a) C < 0: Hyperbola.
(b) C >0 and aA > 0: Empty set.

(¢) C >0 andaA <O0.

(i) a =b: Circle, centre (o, 3), radius \/@‘

(ii) a # b: Ellipse.
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CASE 2.1(ii) h # 0.

Rotate the (z1, y1) axes with the new positive xo—axis in the direction
of
[(b—a+ R)/2, —h],

where R = +/(a — b)? + 4h2.

Then equation 7.12 becomes

A
)\156% + )\ng = ——. (713)
C
where
M= (a+b—R)/2, a=(a+b+ R)/2,
Here )\1)\2 =C.

(a) C < 0: Hyperbola.
Here Ay > 0 > A1 and equation 7.13 becomes

3 y3  —A

w2 w2 Al

S IV AN
CX\’ —C\g’

(b) C >0 and aA > 0: Empty set.

(¢) C >0 and aA < 0: Ellipse.

Here A1, A9, a, b have the same sign and A\; # Ao and equa-
tion 7.13 becomes

where

S
w2 w2 7
where
B A B A
TSV Zen ' TV o
(2.1) C =0.
(a) h=0.

(i) @ =0: Then b # 0 and g # 0. Parabola with vertex

—A O f
(a0 3)
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Translate axes to (z1, y1) axes:

(ii) b=0: Then a # 0 and f # 0. Parabola with vertex

g —B
<_a’ 2fa>

Translate axes to (r1, y1) axes:

(b) h # 0: Parabola. Let

ga+ hf
k=2——.
a+b

The vertex of the parabola is

(2akf — hk? — hac) a(k* + ac — 2kg)
(b=t mhen) alra=2t)),
where d = 2a(gh — af). Now translate to the vertex as the new
origin, then rotate to (x2, y2) axes with the positive zo—axis along
[sa, —sh], where s = sign (a).
(The positive zo—axis points into the first or fourth quadrant.)
Then the parabola has equation

—2st

Ry
va? + h?
where t = (af — gh)/(a + ).

REMARK 7.2.1 If A =0, it is not necessary to rotate the axes. Instead
it is always possible to translate the axes suitably so that the coefficients of
the terms of the first degree vanish.

EXAMPLE 7.2.1 Identify the curve

222 + xy —y? + 6y — 8 = 0. (7.14)
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Solution. Here

2 I 0
A=|3 -1 3|=0.
0 3 -8

Let x = z1 4+ «, y = y1 + [ and substitute in equation 7.14 to get
2(x1 4+ @)’ + (21 + @) (y1 + ) — (1 + B)* +4(y1 + ) —8=0.  (7.15)
Then equating the coefficients of 1 and y; to 0 gives

da+pB = 0
a+260+4 = 0,

which has the unique solution a = —%, 8= %. Then equation 7.15 simplifies
to

227 + z1y1 — ¥ = 0 = (221 — y1) (@1 + 1),
so relative to the x1, y; coordinates, equation 7.14 describes two lines: 2x, —
y1 = 0 or 1 + y1 = 0. In terms of the original x, y coordinates, these lines
become 2(z+2) — (y— %) =0and (z+2)+(y—5)=0,1le 20 —y+4=0
and = + y — 2 = 0, which intersect in the point

()= (0, )= (2. %)

EXAMPLE 7.2.2 Identify the curve

2%+ 2zy +y* + +22 + 2y +1 = 0. (7.16)
Solution. Here
1 11
A=|1 1 1]=0.
1 11

Let x = z1 4+ «a, y = y1 + B and substitute in equation 7.16 to get
(21+0)2+2(z1+0) (1 +0) + (1 +8)? +2(21+0) +2(n + ) +1 = 0. (7.17)
Then equating the coefficients of 1 and y; to 0 gives the same equation
204+28+2=0.
Take a =0, § = —1. Then equation 7.17 simplifies to
o+ 2y + 47 = 0= (z1+ 1),
and in terms of x, y coordinates, equation 7.16 becomes

(z+y+1)2=0, orz+y+1=0.
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PROBLEMS

. Sketch the curves

(i) 2? — 8z + 8y + 8 = 0;

(ii) y* — 12z + 2y + 25 = 0.

. Sketch the hyperbola

day — 3y? =8

and find the equations of the asymptotes.

[Answer: y =0 and y = ]

. Sketch the ellipse

822 — 4xy + 5y° = 36

and find the equations of the axes of symmetry.

[Answer: y = 2z and z = —2y.]

. Sketch the conics defined by the following equations. Find the centre

when the conic is an ellipse or hyperbola, asymptotes if an hyperbola,
the vertex and axis of symmetry if a parabola:

(i

) 4 y? — 24z — 36y — 36 = 0;
(i) 522 — day + 8y? + 452 — 16y/5y + 4 = 0;
)
)

(iii) 42?2 +y? — 4oy — 10y — 19 = 0;

(iv) 7722 + T8xy — 27y% + 70z — 30y + 29 = 0.

[Answers: (i) hyperbola, centre (3, —2), asymptotes 2z — 3y — 12 =
0, 22 + 3y = 0;

(ii) ellipse, centre (0, v/5);
7
59

(ili) parabola, vertex (—I, —2), axis of symmetry 2z — y + 1 = 0;

iv) hyperbola, centre (—=, =), asymptotes 7z + 9y + 7 = 0 and
107 10
11z —3y —1=0]

. Identify the lines determined by the equations:

(i) 222 + 9% + 3wy — 5z — 4y + 3 = 0;
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(i) 922 +y? — 62y + 62 — 2y + 1 = 0;
(iii) 2 + 4oy +4y> —x -2y —2=0.

[Answers: (i) 2z +y—3=0and x+y—1=20; (ii) 3z —y+ 1 = 0;
(iii) z+2y+1=0and v+ 2y — 2 =0.]



Chapter 8

THREE-DIMENSIONAL
GEOMETRY

8.1 Introduction

In this chapter we present a vector—algebra approach to three-dimensional
geometry. The aim is to present standard properties of lines and planes,
with minimum use of complicated three-dimensional diagrams such as those
involving similar triangles. We summarize the chapter:

Points are defined as ordered triples of real numbers and the distance
between points Py = (z1, y1, z1) and P» = (x9, Y2, 22) is defined by the
formula

PPy =/(z2—21)>+ (y2 — y1)% + (22 — 21)%.

Directed line segments AB are introduced as three-dimensional column
vectors: If A = (1, y1, 21) and B = (x2, y2, 22), then

Ty — X1
AB= | y2—u1
29— 21

If P is a point, we let P =OP and call P the position vector of P.

With suitable definitions of lines, parallel lines, there are important ge-
ometrical interpretations of equality, addition and scalar multiplication of
vectors.

(i) Equality of vectors: Suppose A, B, C, D are distinct points such that
no three are collinear. Then AB=CD if and only if AB I CD and
AC | BD (See Figure 8.1.)

149
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z
y
B
A D
@) \/ Yy
C
AB=CD, AC=BD

Figure 8.1: Equality and addition of vectors.

(ii) Addition of vectors obeys the parallelogram law: Let A, B, C be non—
collinear. Then

AB + AC=AD,

where D is the point such that AB I CD and AC I BD. (See Fig-
ure 8.1.)

(iii) Scalar multiplication of vectors: Let AP=t AB, where A and B are
distinct points. Then P is on the line AB,

AP

= [¢|
and

(a) P=Aift=0,P=DBift=1;
(b) P is between A and B if 0 <t < 1;
(c) Bis between A and P if 1 < ¢;
(d) Ais between P and B if t < 0.

(See Figure 8.2.)
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z
A
A
P
B
O Yy
AP=tAB, 0<t<1

T

Figure 8.2: Scalar multiplication of vectors.

al a9
The dot product XY of vectors X = | by | andY = | by

C1 (&)
by

XY =ajag + bi1by + cie9.
The length || X|| of a vector X is defined by

X = (X - X)'/?
and the Cauchy—Schwarz inequality holds:

(XY < |IXI]- [V

151

, is defined

The triangle inequality for vector length now follows as a simple deduction:

X+ Y[ < [[X]] =+ [IY]]-

Using the equation
AB=|| AB ||,

we deduce the corresponding familiar triangle inequality for distance:

AB < AC'+ CB.
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The angle 8 between two non—zero vectors X and Y is then defined by

XY
cosf=—— 0<0<m.
X 11V

This definition makes sense. For by the Cauchy—Schwarz inequality,

< XY oy
XY T
Vectors X and Y are said to be perpendicular or orthogonal if X -Y = 0.
Vectors of unit length are called unit vectors. The vectors

1 0 0
i=|o0]|, j=1], k=10
0 0 1

are unit vectors and every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
c

Non—zero vectors X and Y are parallel or proportional if the angle be-
tween X and Y equals 0 or m; equivalently if X = tY for some real number
t. Vectors X and Y are then said to have the same or opposite direction,
according as t > 0 or ¢t < 0.

We are then led to study straight lines. If A and B are distinct points,
it is easy to show that AP + PB = AB holds if and only if

Z]B:t@, where 0 <t < 1.
A line is defined as a set consisting of all points P satisfying
P=Py+tX, te R orequivalently ]@: tX,

for some fixed point Py and fixed non—zero vector X called a direction vector
for the line.
Equivalently, in terms of coordinates,

xr=x9+ta, y =y +tb, 2 = 29 + tc,

where Py = (0, Yo, z0) and not all of a, b, ¢ are zero.
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There is then one and only one line passing passing through two distinct
points A and B. It consists of the points P satisfying

where ¢ is a real number.
The cross—product X xY provides us with a vector which is perpendicular
to both X and Y. It is defined in terms of the components of X and Y:
Let X = ai1i+b1j+ cik and Y = asi + boj + cok. Then

X XY =ai+ bj+ ck,
where

ar by
az by

bi ¢
by ¢

ap €
az C2

a= b=— .

)

The cross—product enables us to derive elegant formulae for the distance
from a point to a line, the area of a triangle and the distance between two
skew lines.

Finally we turn to the concept of a plane in three—dimensional space.
A plane is a set of points P satisfying an equation of the form

P=Py+sX+1tY, s,t € R, (8.1)

where X and Y are non—zero, non—parallel vectors.
In terms of coordinates, equation 8.1 takes the form

T To + sai + tas
Yy = Yo + Sbl + tb2
z = zp+sc+teg,
where Py = (z9, Yo, 20)-

There is then one and only one plane passing passing through three
non—collinear points A, B, C. It consists of the points P satisfying

ﬁ:s@—l—tm,

where s and t are real numbers.
The cross—product enables us to derive a concise equation for the plane
through three non—collinear points A, B, C, namely

AP (AR x A0) = 0.
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When expanded, this equation has the form

ar + by + cz = d,

where ai + bj + ck is a non—zero vector which is perpendicular to ]ﬁg for
all points P;, P lying in the plane. Any vector with this property is said to
be a normal to the plane.

It is then easy to prove that two planes with non—parallel normal vectors
must intersect in a line.

We conclude the chapter by deriving a formula for the distance from a
point to a plane.

8.2 Three—dimensional space

DEFINITION 8.2.1 Three-dimensional space is the set E® of ordered
triples (z, y, z), where x, y, z are real numbers. The triple (z, y, z) is called
a point P in E3 and we write P = (x, 5, z). The numbers z, y, z are called,
respectively, the x, y, z coordinates of P.

The coordinate azes are the sets of points:

{(z,0,0)} (zx—axis), {(0,y, 0)} (y—axis), {(0,0, z)} (z—axis).
The only point common to all three axes is the origin O = (0, 0, 0).

The coordinate planes are the sets of points:

{(z,y,0)} (zy-plane), {(0,y, z)} (yzplane), {(z, 0, 2)} (xz plane).

The positive octant consists of the points (z, y, z), where x > 0, y >
0, z>0.

We think of the points (z, y, z) with z > 0 as lying above the xy—plane,
and those with z < 0 as lying beneath the zy-plane. A point P = (z, y, 2)
will be represented as in Figure 8.3. The point illustrated lies in the positive
octant.

DEFINITION 8.2.2 The distance P P> between points P, = (x1, y1, 21)
and Py = (2, y2, 22) is defined by the formula

PPy = /(22— 1)+ (y2 — y1)% + (22 — 21)2.

For example, if P = (x, y, 2),

OP = /a? 4+ + 22.
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(0,0, 2) {
P =(z,y,2)
0 0.9,0)
(:c,0,0')/ (x,y,0)

Figure 8.3: Representation of three-dimensional space.

(07 07 22)

(07 Oa Zl)

(0731170) (07y270)

(xla Oa 0)
($270,0)

Figure 8.4: The vector AB.
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DEFINITION 8.2.3 If A = (z1, y1, 21) and B = (x9, y2, 22) we define

the symbol AB to be the column vector

Tro — 1
AB= | y2—u
zZ9 — 21

We let P =OP and call P the position vector of P.

The components of AB are the coordinates of B when the axes are
translated to A as origin of coordinates.

We think of AB as being represented by the directed line segment from
A to B and think of it as an arrow whose tail is at A and whose head is at
B. (See Figure 8.4.)

Some mathematicians think of AD as representing the translation of
space which takes A into B.

The following simple properties of AB are easily verified and correspond
to how we intuitively think of directed line segments:

(i) AB=0< A= B;

(i) BA= — AB;
(iii) AB + BC=AC (the triangle law);
(iv) BC=AC — AB=C - B;

(v) if X is a vector and A a point, there is exactly one point B such that
AB= X, namely that defined by B = A 4+ X.

To derive properties of the distance function and the vector function

I?DQ, we need to introduce the dot product of two vectors in R3.

8.3 Dot product

ai a2
DEFINITION 83.1 If X = | by | and Y = | by |, then X - Y, the
C1 ()]

dot product of X and Y, is defined by
X Y =ajas + bibs + creo.
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v =AB —v=DBA

Figure 8.5: The negative of a vector.

B D B
/ / ; )
A C A
(a)  AB=CD (b)  AC=AB + BC
BC=AC — AB

Figure 8.6: (a) Equality of vectors; (b) Addition and subtraction of vectors.

The dot product has the following properties:
i) X - Y+2)=X-Y+XZ
(i) XY =YX,

(iii) (tX)- Y =X -Y);

a
(iv) X X =a?+0+2ifX=|0b |;
c

(v) XY = XY,
(vi) X - X =0if and only if X = 0.
The length of X is defined by

1X]| = Va2 + 02 + 2 = (X - X)/2,

We see that ||P|| = OP and more generally || PP, || = PP, the
distance between P; and Ps.
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z
ck
P = ai+ bj + ck
k .
o) —»b']—> Yy
i
“y ai + bj
X

Figure 8.7: Position vector as a linear combination of i, j and k.

Vectors having unit length are called unit vectors.
The vectors

1 0 0
i={0], j=|[1], k=10
0 0 1

are unit vectors. Every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
c
(See Figure 8.7.)
It is easy to prove that
[[EX| = [2] - 11 X1,

if t is a real number. Hence if X is a non-zero vector, the vectors
1
+—X
|1 X1]

are unit vectors.

A useful property of the length of a vector is

IX+Y|?=||X|?+2X .Y +|]Y]2 (8.2)
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The following important property of the dot product is widely used in
mathematics:

THEOREM 8.3.1 The Cauchy—Schwarz inequality
If X and Y are vectors in R?, then

XY < IX]]- 1Y (8.3)
Moreover if X # 0 and Y # 0, then

XY =||X||-|[V]] & Y=tX,t>0,
XY =—X||-|[V]| & Y=tX, t<0.

Proof. If X = 0, then inequality 8.3 is trivially true. So assume X # 0.
Now if ¢ is any real number, by equation 8.2,

0<|tX —YI[? = [[tX]]> —2(tX) - Y +|[Y]]?
11X = 2(X - V)t + [|Y]]?
= at® — 2bt +c,

where a = || X||>>0,b=X-Y, c= ||Y]]%.
Hence

Substituting ¢ = b/a in the last inequality then gives

ac — b2
2

>0,
a

SO

b < Vac = vaye

and hence inequality 8.3 follows.

To discuss equality in the Cauchy—-Schwarz inequality, assume X # 0
and Y # 0.

Then if X -Y = || X|| - |[|Y||, we have for all ¢

X~ Y2 = PX|P - 26X -V + Y|P
= 2)IxI2 - 24/|X||- Y]]+ (Y]
= |ex - Y|P



160 CHAPTER 8. THREE-DIMENSIONAL GEOMETRY

Taking t = || X|]/||Y]| then gives |[tX — Y||?> = 0 and hence tX — Y = 0.
Hence Y = tX, where t > 0. The case X - Y = —||X|| - ||Y]| is proved
similarly.

COROLLARY 8.3.1 (The triangle inequality for vectors)
If X and Y are vectors, then

X+ Y| < [[X]| +[IY]]. (8.4)

Moreover if X # 0 and Y # 0, then equality occurs in inequality 8.4 if and
only if Y =tX, where ¢ > 0.

Proof.
IX+Y|? = |IX|]?+2X Y +||Y]]?
< [IXIP 201X - Y+ Y
= (X[ +I¥1h?

and inequality 8.4 follows.
If || X+ Y| = ||X]||+ ||Y]|, then the above proof shows that

XY = ||| |Y]].

Hence if X # 0 and Y # 0, the first case of equality in the Cauchy—Schwarz
inequality shows that Y = tX with ¢ > 0.

The triangle inequality for vectors gives rise to a corresponding inequality
for the distance function:

THEOREM 8.3.2 (The triangle inequality for distance)
If A, B, C are points, then

AC < AB + BC. (8.5)

Moreover if B # A and B # C, then equality occurs in inequality 8.5 if and
only if AB=r Zé’, where 0 < r < 1.

Proof.
AC =||AC || = ||AB+ BC||
< [[AB ||+ BC||

AB + BC.
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Moreover if equality occurs in inequality 8.5 and B # A and B # C, then

X :ZB# 0 and Y :§5’7§ 0 and the equation AC = AB + BC becomes
| X + Y] = ||X]|| + ||[Y||]- Hence the case of equality in the vector triangle
inequality gives

Y =BC=tX = tXB, where t > 0.

Then
BC = AC — AB=tAB
AC = (1+4t)AB
AB = rAC,

where r = 1/(t + 1) satisfies 0 < r < 1.

8.4 Lines

DEFINITION 8.4.1 A line in E? is the set £(P,, X) consisting of all
points P satisfying

P=Py+tX, te R orequivalently ]7073: tX, (8.6)

for some fixed point Py and fixed non—zero vector X. (See Figure 8.8.)
Equivalently, in terms of coordinates, equation 8.6 becomes

T =x0+ ta, y =yo + tb, z = zy + tc,
where not all of a, b, ¢ are zero.

The following familiar property of straight lines is easily verified.

THEOREM 8.4.1 If A and B are distinct points, there is one and only
one line containing A and B, namely £(A4, XB) or more explicitly the line

defined by AP=t XB, or equivalently, in terms of position vectors:
P=(1-t)A+tB or P=A+tAB. (8.7)

Equations 8.7 may be expressed in terms of coordinates:
if A= (z1, y1, z21) and B = (x2, y2, 22), then

x=(1—t)xy +txy, y=(1—t)y1 +ty2, 2 = (1 — t)21 + t2o.
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A
C
Py
P D
O Y
PoP=tCD

T

Figure 8.8: Representation of a line.

P—A+tAB, 0<t<1
x
Figure 8.9: The line segment AB.
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There is an important geometric significance in the number ¢ of the above
equation of the line through A and B. The proof is left as an exercise:

THEOREM 8.4.2 (Joachimsthal’s ratio formulae)
If ¢ is the parameter occurring in theorem 8.4.1, then

AP t’ AP

O =55 @ |[=|-55 EPAE

Also
(iii) P is between A and B if 0 <t < 1;
(iv) B is between A and P if 1 < t;

(v) Ais between P and B if t < 0.

(See Figure 8.9.)
For example, t = % gives the mid—point P of the segment AB:

P— é(AJrB).

EXAMPLE 8.4.1 L is the line AB, where A = (—4, 3, 1), B = (1, 1, 0);
M is the line CD, where C = (2, 0, 2), D = (—1, 3, —2); N is the line EF,
where E = (1, 4, 7), F = (-4, —3, —13). Find which pairs of lines intersect
and also the points of intersection.

Solution. In fact only £ and N intersect, in the point (—%, g, %) For
example, to determine if £ and A meet, we start with vector equations for

L and N
P=A+tAB, Q=E+sEF,

equate P and Q and solve for s and ¢:
(—4i+3j+k)+t(5i — 2j — k) = (i+4j + 7k) + s(—bi — 7j — 20k),

which on simplifying, gives

5t+5s = b
—2t4+7s =
—t4+20s = 6

2 1

This system has the unique solution ¢ = 5, s = 3 and this determines a
corresponding point P where the lines meet, namely P = (—%, %, %)
The same method yields inconsistent systems when applied to the other

pairs of lines.
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EXAMPLE 8.4.2 If A= (5,0,7) and B = (2, —3, 6), find the points P
on the line AB which satisfy AP/PB = 3.

Solution. Use the formulae

— t AP
P=A+tAB d |—|=—=
- an '1—75‘ PE O
Then y
m:3or—3,

_3 _ 3 : . 11 9 25 19 1
sot =y ort= 3. The corresponding points are (5, 3, 9) and (3, 5, % ).

DEFINITION 8.4.2 Let X and Y be non—zero vectors. Then X is parallel
or proportionalto Y if X = tY for some t € R. We write X ||Y if X is parallel
to Y. If X =tY, we say that X and Y have the same or opposite direction,
according as t > 0 or t < 0.

DEFINITION 8.4.3 if A and B are distinct points on a line £, the non—

zero vector AB is called a direction vector for L.

It is easy to prove that any two direction vectors for a line are parallel.

DEFINITION 8.4.4 Let £ and M be lines having direction vectors X
and Y, respectively. Then L is parallel to M if X is parallel to Y. Clearly
any line is parallel to itself.

It is easy to prove that the line through a given point A and parallel to a
given line C'D has an equation P = A 4 ¢ CD.

THEOREM 8.4.3 Let X = a;i+ b1j + cik and Y = aoi + b2j + c2k be
non—zero vectors. Then X is parallel to Y if and only if

ar by
az bo

ap
az C2

by oy = 0. (8.8)

_'51 c1

Proof. The case equality in the Cauchy—Schwarz inequality (Theorem 8.3.1)
shows that X and Y are parallel if and only if

| XY = [IX]]- [[Y]].
Squaring gives the equivalent equality

(araz + bibs + c12)” = (af +b] + c) (a3 + b3 + &3),
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which simplifies to
(a1by — agby)? 4 (bico — bac1)? + (arca — ager)? =0,
which is equivalent to
a1bg — agby = 0, bico — baocy =0, ajco — agze; = 0,

which is equation 8.8.

Equality of geometrical vectors has a fundamental geometrical interpre-
tation:

THEOREM 8.4.4 Suppose A, B, C, D are distinct points such that no

three are collinear. Then AB=CD if and only if AB I CD and AC I BD
(See Figure 8.1.)

Proof. If AB=CD then

B-A = D-C,
C-A = D-B

and so AC=BD. Hence AB [ CD and AC | BD.

Conversely, suppose that AB I CD and AC I BD. Then

AB=sCD and Xé’ztﬁb,

or
B-A=s5D-C) and C—A=tD-B.

We have to prove s = 1 or equivalently, ¢t = 1.
Now subtracting the second equation above from the first, gives

B-C=sD-C)-tD-B),

SO
(1-t) B=(1-s5)C+ (s—1t)D.
If t # 1, then
1—s s—1
B = C D
1—1t +1—t

and B would lie on the line CD. Hence t = 1.
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8.5 The angle between two vectors

DEFINITION 8.5.1 Let X and Y be non—zero vectors. Then the angle
between X and Y is the unique value of 6 defined by

XY
cos = ——, 0<6O0<m.
|1X (|- 1Y

REMARK 8.5.1 By Cauchy’s inequality, we have

1< XY <1
XY T

so the above equation does define an angle 6.
In terms of components, if X = [ay, by, ¢1] and Y = [ag, by, 3], then

aiaz + biba + cieo

cosf = .
Va? + b3+ c3/aZ + b3 + 2

(8.9)

The next result is the well-known cosine rule for a triangle.

THEOREM 8.5.1 (Cosine rule) If A, B, C are points with A # B and
A # C, then the angle 0 between vectors AB and AC satifies

AB? 4+ AC? — BC?
cosf = 5B . AC , (8.10)

or equivalently
BC? = AB* + AC® — 2AB - AC cos .
(See Figure 8.10.)

Proof. Let A = (x1, y1, 21), B = (22, y2, 22), C = (x3, y3, 23). Then

XB = a1i+b1j+61k
AC = asi+byj+ ek

BC = (ag—a1)i+ (by—b)j+ (c2 — 1)k,

where
a; = Tiy1 — T1, by = Yir1 — Y1, ¢ = ziy1 — 21,1 =1, 2.
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z
A
B
AL 0
0] N - Y
C
_ AB24AC?—BC?
cost) = 2AB-AC

x
Figure 8.10: The cosine rule for a triangle.

Now by equation 8.9,

aiaz + biba + c1e2
AB - AC

cosf =

Also

AB? + AC? - BC* = (ai+b3+c})+ (a3 +b3+c3)
— ((CLQ — a1)2 + (bg — b1)2 + (62 — 01)2)
= 2ajas + 2b1bs + cico.

Equation 8.10 now follows, since
ZB . Zé: aias + biby + cieo.

EXAMPLE 8.5.1 Let A = (2,1,0), B =(3,2,0),C = (5,0, 1). Find
the angle 6 between vectors AB and AC.

Solution.
cosf = @
AB - AC’
Now

AB=i+j and AC=3i-j+k
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C
AB? + AC? = BC?
T
Figure 8.11: Pythagoras’ theorem for a right—angled triangle.

Hence
! Ix3+1x(=1)+0x1 2 V2
COsU = = = .
VIZ 41240232+ (-1)2+12  V2V11 V11
_ eoe—l V2
Hence 6 = cos T

DEFINITION 8.5.2 If X and Y are vectors satisfying X - Y = 0, we say
X is orthogonal or perpendicular to Y.

REMARK 8.5.2 If A, B, C are points forming a triangle and AB is or-
thogonal to TC’, then the angle 6 between AB and AC satisfies cosf = 0

and hence § = 5 and the triangle is right-angled at A.

Then we have Pythagoras’ theorem:
BC? = AB* + AC*. (8.11)

We also note that BC' > AB and BC > AC follow from equation 8.11. (See
Figure 8.11.)

EXAMPLE 8.5.2 Let A= (2,9, 8), B= (6,4, —2), C = (7, 15, 7).

Show that AB and AC are perpendicular and find the point D such that
ABDC forms a rectangle.
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x
Figure 8.12: Distance from a point to a line.

Solution.
AB - AC= (4i — 5j — 10k) - (5i + 6j — k) = 20 — 30 + 10 = 0.

Hence AD and AC are perpendicular. Also, the required fourth point D
clearly has to satisfy the equation

ﬁ:@, or equivalently D — B =AC .
Hence
D = B+ AC= (6i+ 4j — 2k) + (5i + 6j — k) = 11i + 10j — 3k,
so D = (11, 10, —3).

THEOREM 8.5.2 (Distance from a point to a line) If C' is a point
and L is the line through A and B, then there is exactly one point P on £

such that CP is perpendicular to IB, namely

. AC - AB
P=A+tAB, t="—r (8.12)

Moreover if @) is any point on £, then C@Q > CP and hence P is the point
on L closest to C.
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The shortest distance C'P is given by

\/A02A32 — (AC - AB)?

P:
¢ AB

(8.13)

(See Figure 8.12.)

Proof. Let P = A +t AB and assume that CP is perpendicular to AB.
Then

CP-AB =
(P-C) AB =
(A+tAB-C)- AB =
(CA +t AB)- AB =
CA-AB +t(AB - AB) =

_AC - AB +1(AB - AB) —

o O o o o o

so equation 8.12 follows.
The inequality CQ > C'P, where () is any point on L, is a consequence
of Pythagoras’ theorem.

Finally, as CP and PA are perpendicular, Pythagoras’ theorem gives
CP? = AC?- PA?
= AC?— ||t AB|]?

= AC? - *AB?
2
AC - AB
_ 2 _ | 2 2
= AC 5 | AB

AC2AB? — (AC - AB)?
AB? ’

as required.
EXAMPLE 8.5.3 The closest point on the line through A = (1, 2, 1) and

B = (2, —1, 3) to the origin is P = (%, %, %) and the corresponding
shortest distance equals %\/42.

Another application of theorem 8.5.2 is to the projection of a line segment
on another line:
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z Cy

Co
P

x
Figure 8.13: Projecting the segment C;Cs onto the line AB.

THEOREM 8.5.3 (The projection of a line segment onto a line)
Let C1, Cs be points and P;, P> be the feet of the perpendiculars from C}
and Cy to the line AB. Then

PP = | 10y ‘),

where )
h=—— AB .
"= AB
Also
Ci1Cy > P Ps. (8.14)

(See Figure 8.13.)
Proof. Using equations 8.12, we have

P1:A+t1TB, P2:A+t2TB,

where
, _AC AB A0 A
AB? 7 AB?

Hence

PP, = (A+tyAB)— (A +t, AB)
= (ta—t) AB,
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SO

PPy, = || PPy =|ts—t,|AB

_ |AC,-AB  AC, - AB
- AB?2  AB? AB

\c?ca -zé‘
= gz AB

C1Cy i

Y

where 7 is the unit vector

1 —
Py
"= AB

Inequality 8.14 then follows from the Cauchy—Schwarz inequality 8.3.

DEFINITION 8.5.3 Two non-intersecting lines are called skew if they
have non—parallel direction vectors.

Theorem 8.5.3 has an application to the problem of showing that two skew
lines have a shortest distance between them. (The reader is referred to
problem 16 at the end of the chapter.)

Before we turn to the study of planes, it is convenient to introduce the
cross—product of two vectors.
8.6 The cross—product of two vectors

DEFINITION 8.6.1 Let X = a1i+ b1j + cik and Y = asi + boj + c2k.
Then X x Y, the cross—product of X and Y, is defined by

X XY =ai+ bj+ ck,
where

ar by
az bo

ar C
az C2

b=— = .

)

o bl C1
Tl by e

The vector cross—product has the following properties which follow from
properties of 2 x 2 and 3 x 3 determinants:

(i)ixj=k, jxk=i kxi=}j;
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(i) X x X = 0;

(i) Y x X = - X x V;

(iv) Xx(Y+2)=X xY + X x Z;
(v) (tX)xY =t(X xY);

(vi) (Scalar triple product formula) if Z = asi + bsj + csk, then

al bl C1
X(YXZ): a2 b2 C9 :(XXY)Z,
as bg C3

(vii) X - (X xY)=0=Y - (X xY);

(viii) [|X x Y| = VIIX[PY]? - (X - V)%

(ix) if X and Y are non—zero vectors and 6 is the angle between X and Y,
then
X < Y| = [[X]] - [[Y]| sin 6.
(See Figure 8.14.)

From theorem 8.4.3 and the definition of cross—product, it follows that
non—zero vectors X and Y are parallel if and only if X x Y = 0; hence by
(vii), the cross—product of two non—parallel, non—zero vectors X and Y, is
a non—zero vector perpendicular to both X and Y.

LEMMA 8.6.1 Let X and Y be non—zero, non—parallel vectors.

(i) Z is a linear combination of X and Y, if and only if Z is perpendicular
to X xY;

(ii) Z is perpendicular to X and Y, if and only if Z is parallel to X x Y.
Proof. Let X and Y be non—zero, non—parallel vectors. Then
X xY #0.
Then if X x Y = ai+ bj + ck, we have

a b ¢
det[ X xY|X|Y]'=| a1 b ¢ |[=(XxY)- (X xY)>0.
ag b2 C2
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X xY

x
Figure 8.14: The vector cross—product.

Hence the matrix [X x Y|X|Y] is non—singular. Consequently the linear

system
r(X xY)+sX+tY =2 (8.15)

has a unique solution 7, s, t.
(i) Suppose Z = sX +tY. Then

Z- (X xY)=sX - (XXY)+tY - (X xY)=s0+1t0=0.
Conversely, suppose that
Z-(XxY)=0. (8.16)
Now from equation 8.15, r, s, t exist satisfying
Z=r(XxY)+sX+1tY.
Then equation 8.16 gives

0 = (MXxY)+sX+tY) (X xY)
= 7| X xY|P+sX - (X xY)+tY (Y x X)
= 7|X x Y|~

Hence r =0 and Z = sX + tY, as required.
(ii) Suppose Z = A(X x Y). Then clearly Z is perpendicular to X and Y.
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Conversely suppose that Z is perpendicular to X and Y.
Now from equation 8.15, r, s, t exist satisfying

Z=r(XxY)+sX+1tY.
Then
sX - X+tX'Y = X-Z=0
sY - X+tY Y = Y- -Z=0,
from which it follows that
(sX +1tY) - (sX+tY)=0.

Hence sX +tY =0 and so s = 0, ¢t = 0. Consequently Z = r(X xY), as
required.

The cross—product gives a compact formula for the distance from a point
to a line, as well as the area of a triangle.

THEOREM 8.6.1 (Area of a triangle)
If A, B, C are distinct non—collinear points, then

(i) the distance d from C to the line AB is given by

|| AB x AC ||
d=—— 1
AB ’ (8.17)
ii) the area of the triangle ABC equals
(ii) g
]AB>2<AC’H_HA><B+B>2<C+C><AH' (8.18)

Proof. The area A of triangle ABC' is given by

_AB-CP

= 5 ,

where P is the foot of the perpendicular from C to the line AB. Now by
formula 8.13, we have

A

\/Ac*?-AB?—(Xé.ZB)?
AB
| AB x AC ||
AB

CP =
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which, by property (viii) of the cross—product, gives formula 8.17. The
second formula of equation 8.18 follows from the equations

AB x AC = (B-—A)x(C—-A)
{(B—A)xC}—{(C-A)x A}
{BXC-AxC)}-{(BxA—-AxA)}
BxC-AxC-BxA

= BxC+CxA+ A xB,

as required.

8.7 Planes

DEFINITION 8.7.1 A plane is a set of points P satisfying an equation
of the form
P=Py+sX+1Y, s,t € R, (8.19)

where X and Y are non—zero, non—parallel vectors.

For example, the zy—plane consists of the points P = (z, y, 0) and corre-
sponds to the plane equation

P=zi+yj=0+zi+vyj
In terms of coordinates, equation 8.19 takes the form

r = x0+ saj + tas
= Yo+ Sbl + tbg
= 29+ scy +tea,

where Py = (zo, Yo, z0) and (a1, b1, ¢1) and (a2, b, c2) are non—zero and
non—proportional.

THEOREM 8.7.1 Let A, B, C be three non—collinear points. Then there
is one and only one plane through these points, namely the plane given by
the equation

P=A+sAB+t AC, (8.20)
or equivalently
AP=sAB +t AC . (8.21)

(See Figure 8.15.)
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0) B’ .Y
ZEIZSZE, A=t AC
AP= s AB +t AC

Figure 8.15: Vector equation for the plane ABC.

Proof. First note that equation 8.20 is indeed the equation of a plane
through A, B and C, as AB and AC' are non-—zero and non—parallel and
(s,t) = (0,0), (1,0) and (0, 1) give P = A, B and C, respectively. Call
this plane P.

Conversely, suppose P = Py + sX + tY is the equation of a plane Q
passing through A, B, C. Then A = P + soX + oY, so the equation for
Q may be written

P=A+(s—s50)X+({t—t)Y =A+sX+1Y;

so in effect we can take Py = A in the equation of Q. Then the fact that B
and C' lie on Q gives equations

B:A+81X+t1Y, C:A+82X+t2Y,
or
AB= 51X +11Y, AC= s0X +15Y. (822)
Then equations 8.22 and equation 8.20 show that

PCO.

Conversely, it is straightforward to show that because AB and AC are not
parallel, we have

s1
s2 t2

£0.




178 CHAPTER 8. THREE-DIMENSIONAL GEOMETRY

z
D\‘ ¢ p
A
B
19 .y
AD=AB x AC
AD - AP=0

x
Figure 8.16: Normal equation of the plane ABC.

Hence equations 8.22 can be solved for X and Y as linear combinations of
AB and TC’, allowing us to deduce that

QCP.
Hence
Q="P.
THEOREM 8.7.2 (Normal equation for a plane) Let
A= (21, y1, 21), B = (22, Y2, 22), C = (23, y3, 23)
be three non—collinear points. Then the plane through A, B, C is given by
AP -(AB x AC) =0, (8.23)
or equivalently,
r—T Y-y <Z2—z2
r2—x1 Yy2—y1 22—z | =0, (8.24)

T3 —T1 Ys—Y1 <3 — %21

where P = (z, y, z). (See Figure 8.16.)
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ai+ bj + ck

ar +by+cz=d
0 -y

x
Figure 8.17: The plane ax + by + cz = d.

REMARK 8.7.1 Equation 8.24 can be written in more symmetrical form

as
r y =z 1
1 oy o2 1
=0. 8.25
T2 Yo 22 1 ( )
T3 y3 =23 1

Proof. Let P be the plane through A, B, C. Then by equation 8.21, we
have P € P if and only if AP is a linear combination of AB and AC' and so
by lemma 8.6.1(i), using the fact that AB x Zé;é 0 here, if and only if AP

is perpendicular to AB x AC'. This gives equation 8.23.
Equation 8.24 is the scalar triple product version of equation 8.23, taking
into account the equations

—

AP = (z—m)i+ (y—vy)j+(z— 2k,
AB = (zy—z)i+ (y2— )i+ (22 — 21)k,

AC = (z3—z)i+ (y3— )i+ (23 — 21)k

REMARK 8.7.2 Equation 8.24 gives rise to a linear equation in x, y and
z:
ar + by + cz =d,
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where ai + bj + ck # 0. For

rT—r1 Y—yi zZz—2z21
T =1 Y2—Yr 22—z | =
T3 —x1 Y3 — Y1 23— Z21
x y z I Y1 Z1
To—Ty Yo—Y1 Z2—21 |— | T2—21 Y2—Y1 22— 21 |(8.26)
I3 —T1 Y3 — Y1 23— 2 I3 —T1 Ys—Yr 23— 2

and expanding the first determinant on the right—hand side of equation 8.26
along row 1 gives an expression
ax + by + cz

where

To —x1 29 — 21
r3 —T1 23 — 21

_ | Y2—y1 z2—2
Y3 —yir 23— z1

T2 —T1 Y2 — Y1
T3 —T1 Y3 — Y1

= s = — =

)

But a, b, ¢ are the components of AB x TC’, which in turn is non—zero, as
A, B, C are non—collinear here.
Conversely if ai + bj + ck # 0, the equation

ar +by+cz=d

does indeed represent a plane. For if say a # 0, the equation can be solved
for x in terms of y and z:

T _d _b _c

a a a
Y = 0 +y 1 +z 0 )
z 0 0 1

which gives the plane

P=Py+yX +2Y,
where Py = (—g, 0,0) and X = —gi +jand Y = —¢i+ k are evidently
non—parallel vectors.

REMARK 8.7.3 The plane equation ax + by + cz = d is called the normal
form, as it is easy to prove that if P and P, are two points in the plane,

then ai + bj + ck is perpendicular to ]%732. Any non—zero vector with this
property is called a normal to the plane. (See Figure 8.17.)
By lemma 8.6.1(ii), it follows that every vector X normal to a plane

through three non—collinear points A, B, C' is parallel to AB x Zé’, since
X is perpendicular to AB and AC.



8.7. PLANES 181

EXAMPLE 8.7.1 Show that the planes
r+y—2z=1 and z+4+3y—z=4

intersect in a line and find the distance from the point C' = (1, 0, 1) to this
line.

Solution. Solving the two equations simultaneously gives

1 5 3 1
x——§+§z, y—i—iz, (827)

where z is arbitrary. Hence

ri+yj+zk = —%i— %j—i—z(gi— %j—f—k),
which is the equation of a line £ through A = (—
direction vector %i — % itk

We can now proceed in one of three ways to find the closest point on £
to A.
One way is to use equation 8.17 with B defined by

1

3 —%, 0) and having

5.1
AB=2i— S5+ k.
ot I

Another method minimizes the distance C P, where P ranges over L.
A third way is to find an equation for the plane through C, having
%i — % j + k as a normal. Such a plane has equation

br —y+ 2z =d,
where d is found by substituting the coordinates of C in the last equation.
d=5x1-0+2x1=T.

We now find the point P where the plane intersects the line £. Then cP
will be perpendicular to £ and CP will be the required shortest distance
from C to L. We find using equations 8.27 that

1 5 3 1 —
5 —— =) 42 7
( 2 22) (2 22) : ’
S0 z = % Hence P = (%, %7 %)

It is clear that through a given line and a point not on that line, there
passes exactly one plane. If the line is given as the intersection of two planes,
each in normal form, there is a simple way of finding an equation for this
plane. More explicitly we have the following result:
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ai+bij+ ak . .
asi + boj + cok

sz +biy+cz=d axx+by+ coz=ds

Figure 8.18: Line of intersection of two planes.

THEOREM 8.7.3 Suppose the planes

amx+by+cz = dp (8.28)
asT +boy + oz = do (8.29)

have non—parallel normals. Then the planes intersect in a line L.
Moreover the equation

/\(alx 4+ b1y +c1z — dl) + M(a2$ 4+ boy + caz — dz) =0, (8.30)
where A and p are not both zero, gives all planes through L.

(See Figure 8.18.)
Proof. Assume that the normals a1i + b1j + c1k and asi + boj + cok are
non—parallel. Then by theorem 8.4.3, not all of

bl C1
by co

al b1
az bo

ap ¢
az €2

Ay = Ag = (8.31)

) AZZ'

are zero. If say A1 # 0, we can solve equations 8.28 and 8.29 for z and y in
terms of z, as we did in the previous example, to show that the intersection
forms a line L.
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We next have to check that if A\ and p are not both zero, then equa-
tion 8.30 represents a plane. (Whatever set of points equation 8.30 repre-
sents, this set certainly contains L.)

(Aa1 + pag)x + (Aby + ub2)y + (Ae1 + pe2)z — (Ady + pdz) = 0.
Then we clearly cannot have all the coefficients
Aay + pag,  Aby 4 pba,  Aci + pea

zero, as otherwise the vectors a1i + b1j + c1k and aoi + baj + cok would be
parallel.

Finally, if P is a plane containing £, let Py = (¢, yo, 20) be a point not
on L. Then if we define A and u by

A = —(agwg + bayo + c220 — d2), = a1xo + biyo + c120 — du,

then at least one of A and p is non—zero. Then the coordinates of Py satisfy
equation 8.30, which therefore represents a plane passing through £ and Fp
and hence identical with P.

EXAMPLE 8.7.2 Find an equation for the plane through Py = (1, 0, 1)
and passing through the line of intersection of the planes

r+y—2z=1 and x+3y—2z=4.
Solution. The required plane has the form
Me+y—2z—1)4+pulx+3y—2z—4) =0,

where not both of A and p are zero. Substituting the coordinates of Py into
this equation gives

“2XA+ u(—4)=0, A= —2u.
So the required equation is
2u(r+y—2z—1)+pulx+3y—2—4)=0,

or
—x+y+3z—2=0.

Our final result is a formula for the distance from a point to a plane.
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ai+ bj + ck

ar +by+cz=d
0 -y

x
Figure 8.19: Distance from a point Py to the plane az + by + cz = d.

THEOREM 8.7.4 (Distance from a point to a plane)
Let Py = (x0, Yo, 20) and P be the plane

axr + by + cz = d. (8.32)

Then there is a unique point P on P such that fﬁ’ is normal to P. Morever

|CL:E() + byo + Czo) — d|

PP =
VE+ P T

(See Figure 8.19.)
Proof. The line through Fy normal to P is given by

P =Pg + t(ai + bj + ck),
or in terms of coordinates
r=z9+at, y=yo+bt, z=2zy+ct.
Substituting these formulae in equation 8.32 gives

a(xo+at) +b(yo +bt) +c(zo0+ct) = d
t(a®> + b+ ¢®) = —(axg+byo+ czo — d),

SO

L axg+byo +czg —d
- a? + b2 + 2 '
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Then

PP =||PP| = ||t(ai+0bj+ck)]

[tV a? 4 b? + 2

]aa:o—i—byo—kczo—d\\/i
PN R a2+ b2 + 2

laxo + byo + czo — d|

Va2 + b2 +c?

Other interesting geometrical facts about lines and planes are left to the
problems at the end of this chapter.

8.8

PROBLEMS

. Find the point where the line through A = (3, —2,7) and B =

(13, 3, —8) meets the xz—plane.
[Ans: (7,0, 1).]

. Let A, B, C be non—collinear points. If FE is the mid—point of the

segment BC' and F' is the point on the segment F A satisfying g—lg =2,

prove that
1

(F is called the centroid of triangle ABC'.)

Prove that the points (2, 1, 4), (1, —1, 2), (3, 3, 6) are collinear.

.IfA=(2,3,—1) and B = (3, 7, 4), find the points P on the line AB

satisfying PA/PB = 2/5.

e (28,2, 3) and (4,5, 1))

. Let M be the line through A = (1, 2, 3) parallel to the line joining

B =1(-2,2,0) and C = (4, =1, 7). Also N is the line joining F =
(1, =1, 8) and F = (10, —1, 11). Prove that M and N intersect and
find the point of intersection.

[Ans: (7, —1, 10).]
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10.

11.

12.

13.
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. Prove that the triangle formed by the points (-3, 5, 6), (=2, 7, 9) and

(2, 1, 7) is a 30°, 60°, 90° triangle.

. Find the point on the line AB closest to the origin, where A =

(=2, 1, 3) and B = (1, 2, 4). Also find this shortest distance.

[Ans: (—%, %, %) and %]

. A line NV is determined by the two planes

r4+y—2z=1, and z+4+3y—z=4.
Find the point P on A closest to the point C' = (1, 0, 1) and find the
distance PC.

(4 17 11 V330
[ADS. (g, 159 ﬁ) and 175]

. Find a linear equation describing the plane perpendicular to the line

of intersection of the planes x +y — 2z =4 and 3x — 2y + z = 1 and
which passes through (6, 0, 2).

[Ans: 3z + Ty + 5z = 28]

Find the length of the projection of the segment AB on the line L,
where A = (1, 2,3), B = (5, =2, 6) and L is the line CD, where
C=(7,1,9) and D = (-1, 5, 8).

[Ans: 7]

Find a linear equation for the plane through A = (3, —1, 2), perpen-
dicular to the line £ joining B = (2, 1, 4) and C = (-3, —1, 7). Also
find the point of intersection of £ and the plane and hence determine

the distance from A to £. [Ans: bz+2y—3z =7, (%, %, %) , %.]

If P is a point inside the triangle ABC, prove that
P=rA+sB+1tC,

where r+s+t=1and r>0,s>0,¢t>0.

If B is the point where the perpendicular from A = (6, —1, 11) meets
the plane 3z 4 4y 4+ 5z = 10, find B and the distance AB.

. _ (123 =286 255 _ 99
[AHS. B = (W’ 50 W) and AB = \/ﬁ]
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Prove that the triangle with vertices (=3, 0, 2), (6, 1, 4), (=5, 1, 0)
has area % 333.

Find an equation for the plane through (2, 1, 4), (1, —1, 2), (4, —1, 1).
[Ans: 2z — Ty + 62 = 21.]

Lines £ and M are non—parallel in 3—dimensional space and are given
by equations
P=A+sX, Q=B+1tY.

(i) Prove that there is precisely one pair of points P and @ such that
?@ is perpendicular to X and Y.
(ii) Explain why PQ is the shortest distance between lines £ and M.
Also prove that
| (X x Y)- AB|
[ X x Y|

PQ =

If £ is the line through A = (1, 2,1) and C = (3, —1, 2), while M
is the line through B = (1,0, 2) and D = (2, 1, 3), prove that the
shortest distance between £ and M equals \}%.

Prove that the volume of the tetrahedron formed by four non—coplanar
points A; = (x4, vi, zi), 1 <1 <4, is equal to
1 — — —
6 ‘ (AlAQ X A1A3)~ A1A4’,
which in turn equals the absolute value of the determinant

I 21 y1 o=

LIl 2 y2 2
6|1 23 y3 =23
1 24 ya 24

The points A = (1,1,5), B = (2,2,1), C = (1, —-2,2) and D =
(=2, 1, 2) are the vertices of a tetrahedron. Find the equation of the
line through A perpendicular to the face BC'D and the distance of A

from this face. Also find the shortest distance between the skew lines
AD and BC.

[Ans: P = (1 +¢)(i+j+5k); 2v/3; 3]
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Chapter 9

FURTHER READING

Matrix theory has many applications to science, mathematics, economics
and engineering. Some of these applications can be found in the books
2,3, 4, 5, 11, 13, 16, 20, 26, 28].

For the numerical side of matrix theory, [6] is recommended. Its bibliography
is also useful as a source of further references.

For applications to:

1.

2.

10.

Graph theory, see [7, 13];

Coding theory, see [8, 15];

. Game theory, see [13];

. Statistics, see [9];

. Economics, see [10];

. Biological systems, see [12];

. Markov non—negative matrices, see [11, 13, 14, 17];

. The general equation of the second degree in three variables, see [18];

. Affine and projective geometry, see [19, 21, 22];

Computer graphics, see [23, 24].
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2 x 2 determinant, 71

algorithm, Gauss-Jordan, 8
angle between vectors, 166
asymptotes, 137

basis, left-to-right algorithm, 62

Cauchy-Schwarz inequality, 159

centroid, 185

column space, 56

complex number, 89

complex number, imaginary number,
90

complex number, imaginary part, 89

complex number, rationalization, 91

complex number, real, 89

complex number, real part, 89

complex numbers, Apollonius’ circle,
100

complex numbers, Argand diagram,
95

complex numbers, argument, 103

complex numbers, complex conjugate,
96

complex numbers, complex exponen-
tial, 106

complex numbers, complex plane, 95

complex numbers, cross-ratio, 114

complex numbers, De Moivre, 107

complex numbers, lower half plane,
95

complex numbers, modulus, 99

complex numbers, modulus-argument
form, 103

complex numbers, polar representa-
tion, 103

complex numbers, ratio formulae, 100

complex numbers, square root, 92

complex numbers, upper half plane,
95

coordinate axes, 154

coordinate planes, 154

cosine rule, 166

determinant, 38

determinant, cofactor, 76
determinant, diagonal matrix, 74
determinant, Laplace expansion, 73
determinant, lower triangular, 74
determinant, minor, 72
determinant, recursive definition, 72
determinant, scalar matrix, 74
determinant, Surveyor’s formula, 84
determinant, upper triangular, 74
differential equations, 120

direction of a vector, 164

distance, 154

distance to a plane, 184

dot product, 131, 156

eigenvalue, 118

eigenvalues, characteristic equation,
118

eigenvector, 118
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ellipse, 137
equation, linear, 1

matrix, addition, 23
matrix, additive inverse, 24

equations, consistent system of, 1, 11 matrix, adjoint, 78

equations, Cramer’s rule, 39

equations, dependent unknowns, 11

matrix, augmented, 2
matrix, coefficient, 26

equations, homogeneous system of, 16 matrix, coefficient , 2
equations, homogeneous, non—trivial matrix, diagonal, 49

solution, 16

matrix, elementary row, 41

equations, homogeneous, trivial solu- matrix, elementary row operations, 7

tion, 16

equations, inconsistent system of, 1

matrix, equality, 23
matrix, Gram, 132

equations, independent unknowns, 11 matrix, identity, 31

equations, system of linear, 1

factor theorem, 95

field, 3

field, additive inverse, 3

field, multiplicative inverse, 4

Gauss’ theorem, 95
hyperbola, 137

imaginary axis, 95
independence, left-to-right test, 59
inversion, 74

Joachimsthal, 163

least squares, 47

least squares, normal equations, 47
least squares, residuals, 47

length of a vector, 131, 157

linear combination, 17

linear dependence, 58

linear equations, Cramer’s rule, 83
linear transformation, 27

linearly independent, 40

mathematical induction, 31
matrices, row—equivalence of, 7
matrix, 23

matrix, inverse, 36

matrix, invertible, 36

matrix, Markov, 53

matrix, non—singular, 36
matrix, non-singular diagonal, 49
matrix, orthogonal , 130
matrix, power, 31

matrix, product, 25

matrix, proper orthogonal, 130
matrix, reduced row—echelon form, 6
matrix, row-echelon form, 6
matrix, scalar multiple, 24
matrix, singular, 36

matrix, skew—symmetric, 46
matrix, subtraction, 24
matrix, symmetric, 46

matrix, transpose, 45

matrix, unit vectors, 28
matrix, zero, 24

modular addition, 4

modular multiplication, 4

normal form, 180

orthogonal matrix, 116
orthogonal vectors, 168

parabola, 137
parallel lines, 164
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parallelogram law, 150
perpendicular vectors, 168
plane, 176

plane through 3 points, 176, 178
position vector, 156

positive octant, 154

projection on a line, 171

rank, 65

real axis, 95

recurrence relations, 32
reflection equations, 29
rotation equations, 28
row space, 56

scalar multiplication of vectors, 150
scalar triple product, 173

skew lines, 172

subspace, 55

subspace, basis, 61

subspace, dimension, 63

subspace, generated, 56

subspace, null space, 55

Three-dimensional space, 154
triangle inequality, 160

unit vectors, 158

vector cross-product, 172
vector equality, 149, 165
vector, column, 27

vector, of constants, 26
vector, of unknowns, 26
vectors, parallel vectors, 164
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